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PKEPACE 


The greater part of the present monograph was written 
during the winter of 1944-45 known in Holland as ''starv- 
ation winter^\ At that time the densely populated Western 
part of the Netherlands was cut off from the South by 
the fighting-line and from the East by a broad zone of 
German military posts. Owing to the German drives for 
slave-workers it was often risky for men under forty to 
go about in the streets; only very urgent duties and the 
necessity to procure food or wood for fuel could induce 
them to leave their houses. In spite of this, however, scien- 
tific work was continued here and there. In the Zeeman 
Laboratory of the University of Amsterdam enough fuel 
was left for one room to still be heated, so that this building 
remained one of the few centres where research work was 
carried on. The news supplied clandestinely by the radio, 
run on the batteries of the laboratory, constituted also an 
attraction to the scientific and technical personnel. Owing 
to the absence of electricity and gas activities were mostly 
of a theoretical nature: writing theses, discussing theore- 
tical problems, designing, calculating and working out 
previous observations. Though from an objective point of 
view the value of this work was perhaps not outstanding, 
it helped people to rid themselves for a time of the 
daily obsession and anxiety about food, warmth and the 
slow progress of the war and to hold their own as self- 
respecting scientific workers. 

After the Liberation, there was so much other work to 
do that it took some time before the last chapter was written 
and the whole had been revised. 

Paramagnetic relaxation is not an important chapter in 
modern physics. Nevertheless it contains a number of in- 
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teresting prablems solved and unsolved and is closely con- 
nected with adiabatic demagnetisation, with the theories 
of paramagnetism and of the crj'stalline state and with 
dielectric relaxation. About one hundred papers have 
appeared so far in this field of research but many of those 
publications had a provisional character or gave only the 
result of one particular series of observations. The theses 
of F. Bronb (1938), P. Teunisse.n' (1939), F. K. Du Pae 
(1940), L. J. Dijkotra (1943), L. J. F. Bboer (1945), and 
J. VoLGER (1946) all dealt with part of the experimental 
and theoretical work and gave a more or less general survey 
of the problems involved. But they are all written in Dutch. 
It seemed worth while, however, to give a general survey 
in English too of the experiments and theories bearing on 
paramagnetic relaxation. I hope this survey will make it 
easier for fellow-scientists to enter this new but rather 
specialized field of research. 

Though I do not stress it continually, I made most 
abundantely use of the theses mentioned and particularly 
of that of L. J. F. Bboer, which gives an excellent survey 
of a large part of this field of research, and was of great 
value to me while writing this monograph. 


Leyden, November 1946. 


C. J. Gobter 
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I. INTRODUCTORY CHAPTER 

§ 1 . NORMAT^ PARAMAGNETISM 

If the magnetic susceptibility Xo of ^ substance is in a 
first approximation inversely proportional to the absolute 
temperature in other words, if it obeys Curie’s law. 
X(j T — C, we usually speak of normal paramagnetism. 
Normal paramagnetism occurs in many salts of the rare 
earths and of the iron group in which magnetic ions are 
diluted with large quantities of non-magnetic (diamag- 
netic) material. Typical examples are Gd2(S04)3 . 8 H^O, 
Cr(N03)3.9H20, FeNH^CSO^)^ . 12 H^O, MnSO^ . 4 H^O, 
FeSO^.TH^O, NiSO^ . 7 H^O, Cu(NH4)2(S04).2 . 6 H, 0 .^ 

Alt extremely low temperatures all these substances, how- 
ever, lose their character of normal paramagnetic sul)stanees. 
They either show signs of ferromagnetism or their suscep- 
tibility tends to become independent of the temperature. 

Examples of non-normal paramagnetism leading to sus- 
ceptibilities independent of T are encountered in the alkali 
metals and in some complex salts containing atoms of 
the iron group or of other transitional elements such as 
K2Cr207, KMnO^ and K4W(CN)g, etc.; oxides and anhy- 
drous salts of the rare earths and the iron group often have 
susceptibilities which decrease slower with increasing T 
than is prescribed by Curie’s law. 

The molal susceptibility of normal paramagnetic salts 
of the type mentioned is almost independent of the anion 
and of the amount of crystal-water. This proves the 
ions of the rare earths and of the iron group to be the 
carriers of the paramagnetic .properties. In accordance 

1 Oxygen gas, also, exhibits normal paramagnetism. 


1 



2 


INTRODUCTION 


I 


with a remark made by Kossel only the number of elec- 
trons in the magnetic ion matters; this is illustrated by 
the equality of the molal susceptibilities of hydrated 
manganous and ferric salts. 

The ions of the rare earths and of the iron group con- 
tain a shell of electrons, respectively the 4f- and 3d-shell, 
which is only partly filled. The electrons in this shell 
arrange themselves in such ways that most of the energy 
levels are magnetic; that is to say, either split or are 
considerably displaced upon application of a magnetic 
field. In § 3 of this Chapter and in Ch. IV § 1, we shall 
discuss the influence of the surrounding non-magnetic 
material and of the interaction between different magnetic 
ions. In this paragraph we will for an introductory survey 
of the essential phenomena, neglect the interaction and 
will consider each separate magnetic ion to be exclusively 
under the influence of its non-magnetic surroundings and 
of an external magnetic field He* 

Let us consider the spectroscopical energy W {n) of one 
energy level of one ion, where n stands for a combination 
of quantum numbers and let us introduce a small change 
of the external magnetic field He* Developing W {n) 
in a power series in ALT we get : 

W{n) = W^{n) -f- W'i(n)AiJ + W^{n) {Miy + ..., 1 

and the value of the magnetic moment of the ion in the 
direction of AH will be 

r=-^jy- = -W,{n) -2W,{n)AH - . 2 

According to the perturbational methods of the quantum 
theory we have: 

WAn)^-M^,l{nn), 3 

W^{n)—— fY(n')—W(n) > 


4 



§1 


NORIVLVL PARAMAONETISM 


3 


where (nn') are the matrix elements of the magnetic 
moment ‘of the ion in the direction of IlH and the index 
at the summation sign indicates that in the summation 
over the different levels n* the original level n is excluded. 

We see therefore, that the magnetic moment in the state n 
is the sum of a constant term (nn) and of a term 
proportional to AH which is governed by the non-diagonal 
elements of the matrix of the magnetic moment. In general 
Mj^/i (nn) and 3 /a// (tin') will depend on the magnitude 
of He and its orientation with respect to AH as well as on 
the orientation of both with respect to the non-magnetic 
surroundings of the ion. 

If we wish to find the total magnetic moment of a 
system of N atoms, where N is conveniently taken equal 
to Avogadro’s numlxir, we have to sum over all energy 
levels which are occupied proportional to Boltzmann’s factor 
exp — {W{n)/kT). Van Vleck^ has pointed out that we 
shall then obtain in a first approximation Curie’s law, if 
the energy levels are arranged in two groups, in one of 
which the energetical distances to the lowest level are small 
compared with kT (low frequency levels) while in the other 
these energetical distances to the lowest level are large com- 
pared with kT (high frequency levels). We shall charac- 
terize the first group of levels with n and n' and the second 
group by n". It is very simple to obtain with Van Vleck, 
for the molal susceptibility: 


NAM^tf 
~ A// 


NXX\M^„{nn') 

tl /i' 

n 


+ 


SlM^ninn") 

" «n" Win")— Win) 

21 


+ ... . 


5 


It must be noted that the summation signs in the first 

1 J. H. Van Vleck, Phys. Sev., 31 (1&28) 587 and: The Theory 
of electric and magnetic susceptibilities. 
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term on the right-hand side contain no index and that S 1 
in the denominators is simj)ly the number of (non-degener- 
ate) low frequency levels. 

The last term in (5) is responsible for the non-normal 
paramagnetism of the complex salts mentioned in the be- 
ginning of this paragraph, though in all normal paramag- 
netic substances it is, of course, small. 

The double sum in the numerator of the first term on 
the right-hand side of (5) determines the value of Curie ^ s 
jConstant C. Diagonal and non-diagonal elements of the 
magnetic moment appear together in this sum, but the 
physical significance of their contributions is quite differ- 
ent. The diagonal elements correspond to an energy shift 
which is proportional to AH. This shift necessitates a re- 
arrangement of the BoLTZMANN-distribution between levels 
with different values of M{nn). This rearrangement leads 
to a change of the average magnetic moment. The non- 
diagonal elements correspond to a magnetic polarisation 
by the field AH. A non-diagonal element accord- 

ing to (4) and (2), gives rise to a positive polarisation 
of the lower of the two levels and to a negative polaris- 
ation of the higher one. As the lower level, according to 
Boltzmanx’s factor, is somewhat more frequently occupied, 
the positive magnetic polarisation preponderates. If the 
low frequency levels are pertuPbed in some way nr other 
the double sum remains invariant in accordance with Van 
Vleck's well-known theorem of spectroscopic stahilitij^. 
For that reason perturbations leading to energy shifts 
which are small compared with kT, do not lead to any 
change of the susceptibility and this therefore remains 
simply determined by the number of electrons of the 
magnetic ion. This applies to perturbations by He (in 
orientation and magnitude) as well as by crystalline fields. 

When the temperature is lowered so much that kT is 

1 J. H. Van Vleck, Fhys.Bev., 20 (1027) 727 and: The Theory 
of electric and magnetic susceptibilities. 
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zio longer large compared with the differences between 
the low frequency levels, deviations from Cxtrie’s law will 
appear and the mentioned invariance will lose its simple 
consequences. If the energy shifts introduced by He be- 
come of the order of kT the so-called paramagnetic satur- 
fvtion will appear. If the splittings due to crystalline fields 
fire small, though not very small, in comxiarison with kT, 
we can replace Curie’s law by the Curie- Welss law: 

Xo(T-^)=C, 6 

where ^ 

s W{n) XXW{n) \M{nn') 

^ ^ 7 

kXl k%%\M{nn') 1^ • 

n n n' 

It may be shown, however, that this liecomes zero in iso- 
tropic su])stances as does also its average value in any 
pow^der^. It is remarkable, however, that a Boltzmann- 
distribution over a number of levels often leads to the 
validity of the Curte-Wetish law (6) in powders over a 
rather wide range of temperatures in which kT is of the 
order of the splittings. 0 has then no simple meaning but 
if experimentally the Curie-Welss law is found, and if 
peither interaction between magnetic ions nor the last term 
in (5) can be of any importance, it is safe to conclude 
that splittings exist which are at least somewhat larger 
than 0. 

If we have to deal with one degenerate low frequency 
level of a free ion, we have, in the absence of a constant 
field He 

W = nij gp AH, 8 

where nij is the magnetic quantum number of a state, g is 
Landes splitting factor and p = {e/2 me) (/i/2 tt) is Bohr’s 
magneton. The magnetic moment of this state is — nijgp 
and its occupation is proportional to Boltzmann’s factor 


1 C. J. aoKTEK, Fhys. Z., 14 (1932) 546. 
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exp — {mj AH/kT). Summing up over the 2J + 1 pos- 
sible values of mj, J being the total quantum number, 
one finds: 

_ 0 Ng^JiJ + l)p^ 

Xo— rj, — . y 


Sometimes this is written: 

C N p^p^ 



10 


where p = g\/ J {J 1) is then called the magnetic mo- 
ment of the level expressed in ^mi\i-magnetons. This de- 
signation reminds one of Langevin's classical formula: 

11 

Xo— T — 3/vT ’ 

where /x is the permanent moment of a magnetic dipole. 
If Curie ^s law is valid, the value of the CuRiE-constant C 
is often characterized by p ^^the magnetic moment expressed 
in BoHR-magnetons^', thus formally applying (10) though 
the substance does not consist of free ions at all. 


§ 2. TlIERMODYNAMiaS 


In the literature on this subject two expressions are used 
for the work done by a magnetized substance when the 

external field II and (or) the magnetic moment M change. 

— — >• ”“>■ — 

These expressions are {M,AH) and — {H.AM). The first 
law of thermodynamics is accordingly written in two forms : 

AQ=AU 4- (m,AH), 12 


or 

AQ = AU' — (h,AM), 12' 

It is clear that the difference between the two expressions 
IS essentially a difference between two definitions of the 
internal energy (Z7 or U'). All consequences of thermo- 
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dynamic treatments based on (12) or (12') are identical 
and one can pass from one treatment to the other by inter- 
changing the internal energy with the enthalpy (heat con- 
tent) and the free energy with the thermodynamic potential. 

In § 1 we had to deal twice already with the spectro- 
scopical energy W viz. in (1) and (2) where the well-known 
relation — — AW /AH was used, and in the Boltzmann 

factor used in the derivation of (5). In a system of in- 
dependent atoms U contains the usual contributions to the 
energy of a mechanical or thennie nature plus the speetro- 
scopical energies of the atoms. The relation between Z7' 
and W is not so simple. In view of this it seems natural to 
accept the first alternative and to choose (12). 

It may be instructive to point out that in the thermo- 
dynamics of dielectric phenomena it is more natural to 
choose the equivalent of the second alternative: 

AQ = A(J'— (f.aT). 12' 

A very close parallelism exists between a magnetic sub- 
stance in a coil and a dielectric substance in a condensor 
and, as already pointed out, the thermodynamical conse- 
quences of the different choice are nil. It may be worth 
while, however, to stress with Broer^ three differences 
between the two cases which are connected with this 
different choice. 

a. The total field energy {fJf(H/ + /// + nJ)dV/S7r) 
of a magnetic dipole in the field of a coil is equal to the 
field energy of the coil alone plus the field energy of the 

— — >- 

dipole alone plus (H.M). In the electric case we get the 

field energies of condensor and dipole alone minus {F,P), 
The difference is due to the different course of the lines 
of force ^^nside^^ the dipole. 

b, A constant magnetic moment M has no influence on 
the inductivity of the coil, whereas a constant electric mo- 

1 L. J. F. Broer, Physica^ 12 (1946) 49 and Thesis Amsterdam, 1945. 
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inent P attracts the charges on the condensor, thereby 
increasing its capacity. 

c. If M changes spontaneously by Alf, the current in 
the coil decreases by induction. It requires the work 
■ > ■ 

{H,AM) to bring the current (and therefore also the 
— ^ 

field H) to its original value. The charge on the con- 
densor (and therefore also the field F) is not influenced 


by a spontaneous change in P. 

The usual thermodynamics of the textbooks, where the 
pressure P and the volume V are the coupled variables, 
can be completely taken over on substituting P hy M and 
V by //. Instead of normal products we have, strictly 
speaking, always to take the scalar product of vectors. 
We quote a few of the well-known formulae with this sub- 
stitution : 




14 


where Ch = (9P/3T)f/ is the specific heat at constant 
fieldstrength. 

For the specific heat at constant magnetic moment Cm 
we get : 


and 



15 

16 


Taking H and M as independent variables, (14) be- 
comes : 


Putting AQ = 0, we find for the adiabatic susceptibility^ 
1 P. Debije, Phys. Z,, 89 (1938) 616. 
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Cm I 9^ \ _ Cm Xo 

C„ \ dH It Ch 


18 


and for the adiabatic rise of temperature we have, in view 
of (14) and (15) : 


(dT \ 

T 

/ dM \ 

ldT\ 

[dH ); 

s ” c„ 

VdT Ji, ~ 

[dH ) 


Cm— Cm 
Cm 


It is sometimes easy to derive tiie required formulae from 
the free energy F — TJ — Ta 8 and then use ^ = — (dF/dT) u 
and M = — {dF/dH)T. 

The formulae (12) to (19) may be used in two different 
senses. In one sense TJ is the sum of mechanical, thermal, 
and spectroscopical energy as mentioned before. Then, at 
all but extremely low temperatures, Ch and Cm are deter- 
mined by the energy of the heat waves of the lattices; they 
are practically equal and x«d - Xo- second sense, 

however, U includes the spectroscopical magnetic energy 
only. This sense becomes of importance when the system 
ot* elementary ionic magnets (often called spin system) is 
rather well isolated from the heat waves in the crystalline 
lattice. It is then possible to ascribe, as proposed by 
Casimir and du Prc^ (compare Ch. IV § 2), a temperature T 
to this system of ionic magnets. It is in this latter sense 
that we shall use the formulae (12) — (19) in Ch. IV. 

In normal paramagnetic substances we are concerned 
generally with the case considered by Van Vleck in which 
we have only low-frequency and high-frequency levels and 
we have for H = 0 in the second sense mentioned in the 
preceding alinea .* Cm = Ch = where 


NXX {W{n') — W{n) y 

n »/ 

' 2T2I 


20 


the summation extending over all low frequency levels. 

1 H. B. G. Casimik and F. K. Du Pk6, Physica, 5 (19S8) 507. 



10 


INTROOrCTION 


I 


In view of (16) and (15) and of Curie’s law MT = CH 
we have for all values of II 


Cm = -fi and Ch ■ 


b + CH^ 

JI2 


21 


Accordingly we have then 


and 


~ 6 + CIP ’ 

I dT \ H CIP 
\ 0 // )s ■“ T b~+ CIP ’ 


F = — 


b + CIP 
2 T 


+ AT + B. 


22 

23 

24 


where A and B are the usual two arbitrary constants in 
expressions for the free energy. 


§ 3. CRYSTALLINE FIELDS AND INTERACTION 
BETWEEN MAGNETIC IONS 

It has been stressed in § 1 that the ions in crystals or 
solutions are not free, but are subjected to inhomogeneous 
electric fields due to the (non-magnetic) surroundings. In 
normal paramagnetic substances the nearest surroundings 
often consist of a shell of (frequently 6) water dipoles. 
The magnitude of the fields is not known exactly but some- 
times X-ray analysis of the crystal allows to draw con- 
clusions concerning the symmetry of the fields. From this 
symmetry-character it is possible to deduce the number of 
energy levels into which a degenerate term is split by the 
fields. This has been done by Bethe^ with the aid of 
group theoretical methods on which we cannot dwell 
here. Some of the results are given in Table I. The quan- 
tum number characterizing the degenerate level may be F. 
The degeneracy in the absence of a crystalline field is 
1 H. Bethe, Ann. Phys., 3 (1929) 133. 
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TABLE I 

REMOVAL OF AN 2F + 1-FOLD DEOENEIRACY BY FIELDS 
OP DIFFERENT SYMMETRY 


F 

Free 

Cubic 

Trigonal 

i 

Tetragonal 

Rhombic 

0 

1 

1 

1 

1 

1 

% 

2 

2 

2 1 

2 

0 

1 

3 

3 

1, 2 

1, 2 

3*1 

IV 2 

4 

4 

2-2 1 

2-2 

2-2 

2 

5 

2, 3 

1, 2*2 

3-1, 2 

5*1 

21/2 

6 

2, 4 

3-2 

3-2 

3-2 

3 

7 

1 , 2-3 

3-1, 2*2 

3-1, 2*2 

7-1 

31/2 

8 

2-2, 4 

4-2 

4-2 

4-2 


given in the second column; it is 2 F + 1. In the other 
columns the remaining degeneracies are given in fields of 
different symmetry. A level with F = splits, for in- 
stance, in a cubic field into one level of fourfold degeneracy 
and two double levels. A very important theorem has been 
found by Kramers^ stating that, if the number of electrons 
of the system is odd, fields of an electrical nature will not 
remove the degeneracy completely as a twofold degeneracy 
of each level will remain. The splittings for F — i, 1|, 2^ 
and 3^ in Table I leave as a matter of fact this Kramers- 
degeneracy. In some cases it is possible to say something 
about the relative energetical distances between the com- 
ponent levels. In the mentioned ease of = 3^ in a cubic 
field the fourfold level will be between the double levels 
and the ratio of the energy differences will be 5/3. 

The presence of crystalline fields leads to very different 
consequences for different groups of ions, the essential 
point being the ratio between the splittings due to the 
crystalline fields and the multiplet splitting. In the next 
paragraph we shall go further into this matter. 

1 H. A. Kramers, Proc, Amsterdam^ 33 (1930) 959. 
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A remarkable theorem pronounced by Jahn and Teller^ 
for non-linear molecules is also of importance for crystals. 
Let us suppose that at a certain value Xq of the distance- 
parameter X a twofold degeneracy exists, then it might be 
that in this point the energy curves either intersect or 



Energy levels W as a function of the distance parameter x. 
Acx;ording to Jahn and Teller theorem the lower drawing 
cannot correspond to reality in non-linear molecules. 

touch, or that they coincide for all values of x. The theo- 
rem states, that the second possibility (touching) does not 

1 H. A. Jahn and E. Teller, Vroc. Boy. Soo., A 161 (1937) 220; 
J. H. Van Vleck, J. ohem. Fhys., 7 (1939) 72. 
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occur. If the curves intersect, however, the position at 
will not be stable. As a result a small displacement of the 
atoms or ions will always occur, which results in a field 
of lower symmetry removing the degeneracy. This applies 
also to higher degeneracies, but not to Kramers ^s degener- 
acy, as for this the two curves coincide. . 

A satisfactory treatment of the consequences of the 
magnetic interaction between different magnetic ions in a 
crystalline lattice is very difficult. Van Vlbck‘ has shown 
that in a first approximation this interaction is character- 
ized by the so-called internal magnetic field Hi, Its square 
is the average square of the magnetic field in the place 
occupied })y one magnetic ion due to the other ions. 
We have: 

where q indicates an arbitrary ion and the summation 
over p has to be extended over all other ions in the 
whole crystal, is the average square of the magnetic 
moment of one ion. For a free ion ix^ = g^J (J -f 1) and 
in general (see (10) ). In a face-centered cubic 

lattice 

2 r-^=7.2n^ 25a 

where n is the number of ions per unit of volume. This 
expression is often used for an evaluation of Hi when the 
crystal structure is unknown, though in a simple cubic 
lattice the numerical factor is not 7.2 but 8.4 and in other 
lattices the factor may have still other values. 

At temperatures for which /x Hi « kT the contribution 
to the specific heat due to the magnetic interaction is in- 
versely proportional to T^. Waller^ and Van VLEck'find 

^ i>inagn Oft 

M — 2 2^2 — 2^2 • • 

1 J. H. Van VuB)CK, /. ohem. Fhys., 6 (1937) 320. 

2 I. WAtLEE, Z. Phys., 104 (1937) 132. 
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If we have to deal with splittings by a crystalline field 
as well as with magnetic interaction we are allowed, for 
a first approximation, simply to add the corresponding 
contributions to the specific heat. In this way we arrive 
again at the formulae (21) — (24),. where, now, however 
h = helec 4 " hfnagn* 


§ 4. THE VARIOUS MAGNETIC IONS 

Tables II and III contain a list of the various magnetic 
ions of the rare earths and of the iron group. The con- 
figuration of the electrons is given in the second column. 
As regards the rare earths, the completely filled Is, 2s, 
2p, 3s, 3p, 3d, 4s, 4p and 4d shells, and as regards the 
iron group, the completely filled Is, 2s, 2p, 3s and 3p shells 
have been omitted according to usage. 

TABLE II 


THE RARE EARTHS 


Ion 

Con- 

figuration 

Basic level 


^ exp 

Ce * • • 

AP 

5s^ 

p* 


2.54 

(2.4) 

Pr . . . 

4f2 


if 

3H 

.3.58 

(3.6) 

Nd • • • 

4f3 

j) 

if 

^^ 9/2 

3.62 

(3.6) 

61 

4f^ 

>/ 

if 


2.68 

— 

Sm • • • 

4f5 

?? 

if 


0.84 

— 

Eu • * * 

4f« 

V 

if 

TP 

0 

— 

Gd • • • 

4f^ 

if 

if 

* 87/2 

7.94 

7.9 

Tb • • • 

4f8 

ff 

if 

7P 

9.72 

9.7 

I>y . . . 

4f* 


if 

8 H , 

15/2 

10.63 

10.5 

Ho * • • 

4 fio 


ft 


10.60 

10.5 

Ez • • • 

4 fii 

jf 

ft 

^^15/2 

9.59 

9.4 

Tm • • • 

4 fl 2 

jf 

ft 

3H’ 

a 

7.57 

(7.2) 

Yb • • • 

4fl3 

if 

ff 

2P 

7/2 

4.54 

(4.5) 
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TABLE III 
THE IRON GROUP 


Ion 

Con- 

figuration 

Basic 

level 



^exp 


2|/5(5+l) 

Ti--:, V*-*- 

3d^ 


1.55 

1.73 

1.7* 

V- 

3d=* 

3P 

1.63 

2.83 

2.8 

Cr***, V-- 

3d» 

^ 3/2 

0.77 

3.87 

3.8 

Mn* • *, Cr* * 

3d^ 

CD 

0 

4.90 

4.9 

Fe* • •, Mn* • 

3d« 

^5/2 

5.92 

5.92 

5.9 

Fe-* 

3d» 

CD 

6.70 

4.90 

5.5 

Co-- 

3d' 

9/ 2 

6.54 

3.87 

4.4-5.3 

Ni-- 

3d* 

3F 

5.59 

2.83 

3.2 

Cu- 

CO 

• 2D^, 

5/2 

3.55 

1.73 

1.9 

1 


As already mentioned in § 1 the incomplete 4f- or 3d- 
shells are responsible for the magnetic behaviour. Russell 
and Saunderses scheme has proved to be valid for the 
ions, so that in a first approximation the spins of different 
electrons interact exclusively with each other, giving a 

resulting spin vector S. Similarly, the orbital movement 

of the electrons give the orbital vector L. The interaction 

between these two resulting vectors A (L. S) is much 
smaller than the interaction between the individual spins 
or orbits and gives rise to the multiplet structure. The 
— >" 

resulting J vector characterizing the moment of momentum 
of the whole ion may have 2L — 1 or 2S — 1 different values. 

The number of electrons in the incomplete shell being 
given, Hund^’s rules allow us to predict the /S, L and 
J-values of the lowest level. According to these rules, S has 
the highest value allowed by Pauli ^s principle. The L-value 
is the highest value then allowed and J is L — S, it the 
shell is less than half full and L + S it the shell is more 


1 F. Hund, Z. Phys., 33 (1925) 855. 
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than half occupied. Column 3 contains the values of this 
lowest level, while Column 4 gives p = g Vj {j + 1) 
(compare (10) ). 

It is seen that a good agreement is found between the 
numbers in Column 4 and those of the last column which 
gives the experimental p values, deduced from (10) for 
those compounds, of which the susceptibilities are in 
agreement with Curie’s law. This agreement for the rare 
earths ions was first noted by Hund. It means that the 
magnetic susceptibility is little influenced by the crystal- 
line fields, for it has practically the same value as it would 
have for free ions. It must be noted, however, that the 
susceptibilities of Sm and Eu’:_* compounds deviate 
strongly from Curie’s law and that the deviations of 
Ce — , Pr Nd-:_* Tm-ji- and Yb “• compounds from 
this law are not negligible.’ Sometimes these deviations are 
described by the Curie- Weiss law x — 6)=Cy but, in 
view of our remarks made on this matter in § 1, this has 
little sense. In these cases we prefer to derive an approxim- 
ate value of p from the susceptibility at room-temperature 
only. This yields merely an ‘^effective magneton number”, 
and any different temperature would, of course, give a 
different magneton number. This is, however, not very 
serious, for if this temperature is not taken too low, the 
difference in p is confined to a few percent. The effective 
magneton numbers at room-temperature are placed in 
parentheses. 

A rough analysis of the susceptiliilities and absorption 
spectra leads to the conclusion that the splittings introduced 
by the crystalline fields are generally of the order of 10^ 
or 1(P cm-^, while the multiplet separations are about a 
factor 10 higher. It is remarkable that, in spite of the fact 
that kT (at room- temperature 200 cm-^) is of the same 
order as the crystalline splittings, the deviations from 

* B. Cabera, Eapport de la Beunion snr le Magnetisms y Strass- 
bourg, 1939. 
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Curie's law are usually small and that the magneton number 
is about -the same as if the splittings had been very small. 
Calculation shows, however, that this in fact agrees with 
what was to be expected (compare § 1). The attempts to 
arrive at conclusions as to the value of the crystalline 
splittings from susceptibility measurements and to confront 
them with the absorption-spectra have met with rather 
little sueeess.’^ The difficulty is, that the susceptibilities 
are not very sensitive to changes in the splittings and that 
the absolute values of the susceptibilities are often in- 
accurate and scarce, especially for single crystals. The 
provisional conclusion is that purely cubic crystalline fields 
will not -do. In the case of Sm'j_* and Eu* _*_* ions the 
state of affairs is complicated by the smallness of the 
multiplet splittings. These splittings are of the same order 
as the crystalline splitting and as kT at room temperature. 
Owing to the smallness of the denominators in (4) the non- 
diagonal elements of the magnetic moment between differ- 
ent multiplet terms are of importance here. According to 
Prank and Van Vueck^ the experimental susceptibilities 
are in approximate agreement with the theoretical expect- 
ations for these ions too. 

In the iron group there is no agreement between 
Column 4 of Table III and the last (experimental) column. 
The agreement between the fifth and the last one, how- 
ever, is good in the first half of the group and moderate 
in the second half. This means, according to Bose‘S and 
Stoner^ that the susceptibility is chiefly due to the resulting 
electronic spin, the orbital magnetism being cancelled in 

1 F. H. Spedding, Fhys. Bev.y 50 (1936) 574. 

W. G. Penney and O. J. Kyn-ch, Proc. Boy. Soc., A 170 
(1939) 112. 

2 A. Frank, Phys. Bev., 39 (1932) 119. 

J. H. Van Vleck, Bapport de la Beunion snr le Magnetisme, 
Strassbourg 1939. 

8 D. M. Boise, Z. Phys. 43 (1927) 864. 

4 E. C. Stoner, PlvU. Mag,y 8 (1929) 250. 


2 
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some way or other. Van Vl»eck* has pointed out that this 
is exactly what a crystalline field of sufficiently low 
symmetry does if the splittings introduced by it are 
larger than the multiplet separations but smaller than the 
separations between different multiplets. If we neglect 

for a moment the coupling A (L. S) between orbits and 
spins, the orbital degeneracy will be completely removed 
by such a field and every resulting level will have only 
the (2 /S -h l)-fold spin degeneracy. The susceptibility 
will be isotropic, will obey Curie's law and will be de- 
termined by the so-called spin-only magneton number 
2 y S {S + 1) given in Column 5 of Table III. If we 
now admit the spin-orbit interaction, splittings will arise 
of the order of X^/AWcrysu where AWcryst denotes the 
crystalline splittings. If these first splittings are small 
compared with kT, Curie's law will still be valid, but the 
magneton number will differ somewhat frotn the spin-only 
value; the relative difference will be of the order \/ AWcryst* 
If the crystalline field is not cubic the magneton number 
may be dependent on the orientation in the crystal. 

Because of the larger value Of A the deviations from the 
spin-only value and the anisotropies are especially important 
at the end of the group. Assuming a predominantly cubic 
crystalline field, usually due to six water dipoles, it has 
been possible to describe the general magnetic behaviour 
of the magnetic ions. We shall return to this in Ch. V, § 1 
and now, in Pig. 2, give only a sketch of the relative 
positions of the energy levels according to Van Vleck and 
others.^ We cannot conceal, however, that it is rather prob- 
able that the crystalline splittings are in general not small 
compared with the separation between the different multi- 
plets. Several of the conclusions however will remain valid 
so long as they are small compared with the interval between 
levels of different S^-values. 

1 J. H. Ya^ Vleck, Phys. Bev., 41 (1932) 208. 

2 L. J. F. Broer, Thesis j Amsterdam, 1945. 
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Fig. 2. 

Sketeli of tho rclativo positions of the onergy-levels in the iron group. 
We give for each ion: the levels in a cubic field, then those in a 
field of lower (rhombic) symmetry and for the low^est levels the 
influence of spin-orbit coupling and of an external magnetic field. 
If a lewl is split in a rhombic but not in a trigonal field the splitting 
is drawn to be small. The diagram is not at all according to scale. 


§ 5. PAKAMAONTTITC DISPERSION AND ABSORPTION 

In § 1 we defined the static susceptibility xo the ratio 
where is the change of the magnetic 

moment in the direction of A^ which accompagnies a small 
change of the magnetic field. Concerning this definition 
we wish to make here a few fundamental remarks. Often 
the susceptibility is defined as Mh/E\ this agrees with our 
definition so long as Mh is proportional to H, At very low 
temperatures paramagnetic saturation occurs and then our 
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definition appears to be preferable. In a non-isotropic sub- 
stance xo be replaced by a tensor of the second degree 
which may be transformed by rotation of axes in such a 
way that three principle susceptibilities are obtained. If 
fixed directions of H = He and of AH are accepted we may 
for most purposes ignore the component of the magnetic 
moment perpendicular to AH and retain our original de- 
finition of Xo- value of Xo is then dependent upon 

the orientation of both He and AH^ In an isotropic sub- 
stance (or powder) we must in any case distinguish 
between the cases where He and AH are parallel and where 
they are perpendicular to each other. In the first case 
we can define Xoll ^ and in the second one 

Xq ^ = AM AH ^ , where the signs I I and x indicate paral- 
lelism or perpendicularity to He, So long as the magnetic 
moments are linear in the fields these two susceptibilities 
are equal. 

If we now consider a magnetic field which varies har- 
monically the magnetic moment will also vary harmonically 
so long as the amplitude of the variation is not too large: 

H = He + HoCos2iTvt, 27 

M = Me + Mq cos 2 TTvt + MJ' sin 2 7rvf, 28 

and in analogy to Xi) = ^^c/^Hc we may put 

x' = Mo'/H, and x'' = M,"/Ho. 29 

In reality H, He, H^, M, Me, MJ, are all vectors and 
we obtain for x^ 3,nd x" fwo tensors of the second degree, 
which, moreover, are dependent on the orientation and 
magnitude of He. For many purposes, however, we may 
confine ourselves, as in (27), (28) and (29), to the com- 
ponent of M in the direction of Hq. In isotropic substances 
(or powders) it is appropriate to decompose the harmonic 
variations in two components viz. parallel and perpendicular 
to He and to characterize the magnetic behaviour by two 
pairs of susceptibilities x^// Ih x\ x'\ • 
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H = Hc-\- Hq exp 2 irjvt^ 27a 

M = Mc + Mq exp 2 Trjvt, 28a 

M 

X =^ = x'-h"- 29a 

It must be borne in mind that x' and x" (and also x'Pi 
II 9 x\) are not only functions of v, but also of 

the magnitude of He- 

x' is for obvious reasons called : the high frequency 
magnetic susceptibility and its dependence on the frequency 
is called : paramagnetic dispersion, x'' characterizes the 
paramagnetic absorption of energy from the high frequency 
magnetic field. As a matter of fact, this energy is per 
cycle (cf. (12) ) 

— jMdH = Trx"H„K 30 

Sometimes the absorption coefficient Agee is defined as 
the amount of energy absorbed per second, divided by the 
average density of the magnetic energy Ho^/16 tt. We 
then have: 


Agee = 16 TT^ vx". 31 

Sometimes also the product A = vx" is called : absorption 
coefficient. 

At very low frequencies x' will be equal to the static 
susceptibility and x'' will be zero. The course of x^ x" 
as a function of v will not be mutually independent since; 
they are joined by the so-called Krameris-Kronig^ relations : 



dv + C, 


32 


1 H. A. Kramers, Atti Congr. Fis.j Como (1927) 545. 
R. Kronig, J. opt, Soc. Amer.y 12 (1926) 547. 
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0 


dv, 


33 


where C is an arbitrary constant. 

The condition for the validity of these formulae is that 
X (v) is an analytic function of v which has no poles in 
the lower half of the complex plane. J. P. Schouten’ 
succeeded in deriving these formulae from the plausible 
assumption that if H is constant up till a certain mo- 
ment and from then on has a slightly different value, the 
magnetic moment, also, will have a constant value up to 
that moment. 

The dependence of x' and x" the frequency may differ. 
It may be that has a sharp maximum at a certain fre- 
quency. Then x^ changes steeply at that frequency. An 
example is furnished by a damped magnetic oscillator: 


X 


Xo'’o^ 

V^^ V“ + j KV ’ 


which is equivalent to; 


Xo *' 0 “ — 

(vo^ — + kV ’ 


34 


35 


„ Xo '' 

Another simple example is 


36 


X 


Xo 

1 + jpv ’ 


which is equivalent to 


37 


x' = 


Xo 

1 + ’ 


38 


XoP'' 


1 + p^v^ • 


39 


This function has been used by Debije and others in the 


I Cf. E. Kronig, Ked. I. v. Nat., 9 (1942) 402. 
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description of dielectric relaxation and is often called: the 
DEBiJE-function. It is also of great importance in the theory 
of paramagnetic relaxation (compare Ch. Ill and IV). 

Of course (35) and (36), as well as (38) and (39), obey 
the Kramers-Keonig relations (32) and (33). 

In order to represent results bearing on paramagnetic 
dispersion and absorption, two types of diagrams are in 
use. In the first type of diagram y', or A~x"^ are 
plotted against the logarithm of the frequency. Eq. (38), 



Fig. 3. 

The graphic of (40), (41) and (42). p is taken equal to 1 and 2. 


(39) and the corresponding expression for A then become 
/ = ^ [1 — tgh (Inv + Inp)], 40 

x" = ^ soch (In V + In p) ; 41 

A — x"v = [1 + tgh (In V + In p) ] . 42 

One of the advantages of plotting results in this way 
is, that if they follow DEBijE-curves, a change of the relax- 
ation constant introduces only a shift of the curves for x' 
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and ^ver In (pi/pz)) as may be seen immediately from 
(40) and (41). The curve for A is not only shifted but 
also multiplied by pi/pa, may be seen from (42). 

Another type of diagram often used, when x' and x" are 
measured simultaneously at the same frequencies^, is to 
plot x" against If x' and x" behave according to a 
DEBijE-function, the points for different frequencies lie 
on a circle 



43 



Fig. 4. 

The graphic of (43). p is taken equal to 1. The frequencies corres- 
ponding to different points on the circle are given too. 


Prom the position of each experimental point on the 
circle it is possible to derive the value of p. The simplest 
way is to consider tg ^ = X^Vx^ = P'' which gives p if v 
is known. 

It will be seen later that the experimental results often 
give a Debije curve for x" and a Debije curve plus a 
constant term for x'- It is clear that then the curve for x' 
in Fig. 3 and the circle of Fig. 4 is shifted by this term 
in a vertical and a horizontal direction respectively. 


1 F. K. Du Pad, Thesis^ Leiden, 1940. 
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§ 6. HISTORICAL 

The modern theory of the phenomena of dispersion and 
absorption in electric dipole substances is connected with 
Debije^s name , but experimental researches in this domain 
go even back to Drude^. It would seem rather obvious 
to search for the magnetic analogon of these well-known 
phenomena but the paramagnetic susceptibilities are a 
factor 10^ — 10^ smaller than the electric ones and there- 
fore much less accessible by simple experimental techniques ; 
on the other hand the theory of paramagnetism was for a 
long time a rather obscure chapter. In 1920 Lenz'^ pointed 
out that the re-orientation of elementary magnetic moments 
which, according to Lanoevin^s theory, should be respon- 
sible for the paramagnetic susceptibility, should take place 
in discrete elementary processes under the influence of the 
temperature of the crystalline lattice and he suggested 
that this re-orientation will take place the slower, the 
lower temperature. In the same year the problem was 
mentioned by Ehrenebst* and the author remembers having 
discussed in his college days in Leyden the possibility of 
relaxation phenomena in paramagnetics and the difference 
between isothermal and adiabatic susceptibilities, with his 
friend the late E. C. Wiersma. 

On Pauli’s suggestion Waller^ in 1932 took up the 
problem and in an impressing paper laid a sound basis for 
the theory of paramagnetic relaxation. He distinguished 
between magnetic fields much weaker and much stronger 
than the internal magnetic field and came to the con- 
clusion that in weak fields the relaxation time should be 
independent of the temperature, while in strong fields the 
interaction with the crystalline lattice should be essential, 
which would lead to a rapid dependence on the temperature. 

1 P. Debije, Folare Moleheln, Leipzig (1929). 

2 P. Drude, Z. phys. Chemie, 23 (1897) 267. 

3 W. Lenz, Phys, Z., 21 (1920) 613. 

4 P. Ehrenfest, Comm,, Leiden, 446 (19*20). 

5 I. Waller, Z, Phys., 79 (1032) 370. 
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The first extensive experiments, after some incidental 
researches with bridge methods at relatively low frequen- 
cies, were carried out at Rutherford's suggestion by Belz^ 
in 1922. Belz used the heterodyne beat method (compare 
Ch. II, § 1), and measured the high frequency suscepti- 
bility of a series of crystallized salts of the iron group 
and of their solutions at a frequency of about 0.8*10® Hz. 
Absolute measurements of this kind cannot be very accurate 
because of the uncertainty in the filling-factor (compare 
Ch. II, § 1) but the agreement with the static susceptibility 
was good in all cases. This did not astonish the writer, as 
“relaxation is not to be expected when the period is large 
compared with the relaxation time of the molecule". Belz 
considered his arrangement more as a new installation for 
the measurement of susceptibilities than as one for the 
detection of relaxation phenomena. 

Breit and Kamerunoh Onnes^ following suggestions of 
Lenz and Ehrenfeot, deliberately investigated whether at 
liquid hydrogen temperatures the susceptibilities of CrCla 
and Gd 2 (S 04 ) 3 . 8 HgO differ at a frequency of 0.369* 
10® Hz from the static susceptibilities. Again the hetero- 
dyne beat method was used, but, because of the uncertainty 
in the filling factor, the accuracy was rather unsatisfactory. 
The result was that, though the high frequency suscepti- 
bility seemed somewhat lower than the static susceptibility, 
there was agreement so far as the order of magnitude was 
concerned. Prom our present knowledge we may conclude 
that the observed difference must have been spurious. 

In 1935 and 1936 a series of investigations was started 
first at Haarlem and then, at low temperatures, at Leyden 
concerning the heat developed in paramagnetic substances 
under the influence of a high frequency alternating field 
of about 10^ Hz.-'' In accordance with Waller's expectation 
for weak fields, it was found that the results could be 

1 M. H. Belz, Fhil . Mag ,, 44 (1922) 479. 

2 G. Breit and H. Kamerlingh Onnes, Comm ., Leiden, 168b. , 

« C. J. Gorter, Thysica , 3 (1936) 503. 
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described by a relaxation constant which was of the order 
of 10“® seconds independent of the temperature. With only 
short interruptions these measurements on paramagnetic 
absorption were continued and extended at Groningen and 
Amsterdam till 1944. Most observations were carried out 
by Dr F. Bronis, Dr L. J. Dukstra, Dr 0. Van Paemel, 
Dr J. VoLGER, and Mr F. W. De Vrijer. 

In 1937, following the example of Belz and Breit an- 
other series of measurements was started with the hetero- 
dyne beat method.' In the absence of a constant field the 
high frequency susceptibility is always practically equal 
to the static one, but in large parallel fields it often 
decreases considerably. This phenomenon was studied over 
a wide interval of frequencies on many substances at 
Groningen and Amsterdam. Most of the observations 
were carried out by Dr F. Brons, Dr P. Teunissen, 
Mr H. Groenduk, Mr J. Eisises, Dr L. J. F. Broer and 
Mr D. C. Scherino e.i.. 

In 1941 Starr'^ has been carrying out similar investig- 
ations at Cambridge (Mass.) with the aid of very strong 
constant fields. 

Since 1938 a series of investigations is being carried out 
at Leyden under the direction of De Haas at the temper- 
atures of liquid helium by bridge methods at audio fre- 
quencies. Most of the measurements were carried out by 
Dr F. K. Du Prc, Prof. H. B. G. Casimir, Mr D. De 
Klerk and Mr D. Bijl. 

In the meantime. Waller ^s theory has been elaborated 
and extended by Rronio, Caisimir, Du Prc, Debije, Van 
Vleck, Broer and a number of other theoretical physicists.^ 

1 C. J. OoRTER and F. Brons, Phy.sioa, 4 (1937) 579. 

2 C. Starr, Phys. Bev., 60 (1941) 241. 

3 C. J. UORTER and R. Kronio, Physica, 3 (1936) 1009, 

R. Krondg, Physica^ 5 (1938) 65 and 6 (1939) 33. 

R. Kronig and C. J. Boxjwkamp, Physica, 5 (1938) 521 and 

6 (1939) 290. 

H. B. G. Casimir and F. K. Du Prc, Physioa, 5 (1938) 507. 

P. Debije, Phys. Z., 39 (1938) 616. P. T. O. 
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At a few tenths of a degree absolute gadolinium salts 
and iron alum show a considerable paramagnetic absorption. 
This effect was discovered by Giauque and Mac Dougaul 
in 1935 and it was later studied in Oxford, Cambridge 
and Leyden^. It seems closely connected with the more or 
less ferromagnetic properties acquired by normally para- 
magnetic substances at those extremely low temperatures 
■and we will not enter further into it in the present mono- 
graph. 

J. H. Van Vleck, Fhys, Bev., 57 (1940) 426 and 59 (1941) 
724 and 730 and Le Magnitisme^ Strassbourg, 1939. 

L. J. F. Broer, Physioa, 9 (1942) 547 and 10 (1943) 801. 

L. J. F. Broer, Thesis, Amsterdam, 1945. 

L. S. Ornstein, Physioa, 7 (1940) 205. 

M. Fierz, Physioa, 5 (1938) 433. 

H. BaNZER, Phys. Z., 40 (1939) 557. 

H. N. Y. TEMPERliEY, Proc, Camhr. Phil. Soc., 35 (1938) 256. 

1 W. F. GiAijquE and B. P. Mao BouGAiiL, Phys. Bev., 47 
(1935) 885. 

B. P. Mac Botjoall and W. F. Guuque, J. Am. chem. Soc., 
58 (1936) 1032. 

A. H. Cooke and R. A. Hull, Proc. Boy. Soc., A 162 (1937) 404. 

E. S. Shire and H. M. Bakkla, Proc. Camhr. Phil. Soc., 35 
(1939) 327. 

H. B. G. Casimir, B. de Klerk, and B. Polder, Physica, 7 
(1940) 737. 


Note added in the proof 

Tlie very remarkable researches carried out in Russia by 
Zavoisky, Frenkel and others came too late to my notice to be 
included. The same applies to more recent work of Cxjmmekow and 
Halliday at Pittsburgh. 
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§ 1. HETERODYNE BEAT METHOD 

The principle of this method is as follows. When a para- 
magnetic sample is moved into the coil of a high frequency 
oscillator circuit the generated frequency will vary owing to 
the high frequency paramagnetic susceptibility of the sam- 
ple. If the frequency is given by v = 1/2 tt v LC, a molal 
paramagnetic susceptibility y' will lead to a relative variation 
2 7rx'q/P, where V is the molal volume and q the so- 
called filling-factor which gives the fraction of the coil 
occupied by the sample (strictly speaking the volume in 
and around the coil must be weighed in proportion to 
This variation is detected by mixing the measuring fre- 
quency with a slightly different constant frequency of a 
reference oscillator. The differential audiofrequency is 
measured; its change is equal to that of the measuring 
frequency. 

An essential difficulty is, that in the region where 
varies as a function of the frequency, x" differs from zero. 
Insertion of the sample into the measuring coil means, 
therefore, an increase in load and this causes a disturbing 
variation of the frequency. Scherino studied the influence 
of this varying load by connecting two multigrid tubes, 
the control bias of which could be changed, parallel to the 
measuring coil. With the aid of such a variable damping 
a circuit was developed which allowed an easy automatic 
compensation of the influence of varying load on the 
generated frequency^ Fig. 5 is a diagram of the oscillator 

1 ScHERiNG also developed a circuit in which the frequency was 
very strongly dependent on By subtracting the variations in the 
two circuits x'' could be determined. This research has been inter- 
rupted in 1944 and has not yet been resumed. 
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circuit, used by Broer and ScHERrao', in which the variable 
damping apparatus is built in. 



Oscillator built by Bkoer and Schering. The required compensation 
for varying load can be obtained by adjusting and in such 
a way that change of the control grid bias of the EF 8-tubes (by 
switching in the small battery b<dow at the right hand side) has no 
influence on the frequency. 


Fig. 6 gives the electron-coupled reference oscillator 
which can be operated either with a quartz crystal 
(Pierce circuit) or with a Oolpit'es circuit, the buffer 
stage, which may act as a frequency multiplier, and >a 
balanced additive mixer circuit. The resulting audio- 
frequency is amplified and, after passing a low-pass filter, 
measured by an A.E.G. direct reading frequency meter. 
Fig. 7 gives a functional block diagram of the whole 
assembly. 

Most measurements have been performed at the boiling 
points of liquid nitrogen and oxygen under normal pressure 
(77° and 90°K). A few measurements have been carried 


1 L. J. F. Broer and D. C. Schering, Fhysioa, 10 (1943) 631. 
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out in nitrogen at reduced pressure (64®K), with solid 
carbon dioxide in ether (195^K), and at room temper- 



Reference oscillator, bufferstage acting as frequency multiplier and 
mixer circuit used by Broer and Schering. The oscillator is entirely 
a.c. operated, the power supply being highly stabilized. 



Fig. 7 

Functional block diagram of Broer and Schering^s set up. 
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ature. The sample was placed inside a Dewar vessel into 
which various cryostat liquids could be poured. In older 
researches the sample consisted of small crystals contained 
in a perforated paper tube into which the cryostat liquid 
could penetrate. In more recent researches the sample was 
contained in a sealed glass tube. In older researches the 
measuring coil was either placed around the Dewar vessel 
or inserted into it, so that the cryostat liquid boiled inside 
as well as outside the coil. In the first case the filling 
factor is small while the second alternative led to irregular 
capacitive disturbances of the generated frequency by gas 
bubbles in the liquid. For that reason Broer used in later 
researches^ a small coil (Fig. 8), completely enclosed in a 
copper cylinder H. The thin glass tube containing the 
sample 0 approximately fits into the coil; it can be pulled 
out of the coil by means of the string F. 

The cylinder is closed by the German silver lid 0. The 
smallness of the hole, through which the string passes, and 
the German silver mantle G are sufficient to prevent con- 
densation of liquid air inside the coil when this is cooled 
by liquid nitrogen. The whole cylinder is placed into the 
Dewar vessel. Before inserting a new sample into the 
cylinder it is desirable to pre-cool the sample. 

By various precautions the variation upon inserting the 
sample due to capacitive change is reduced to a few Hz. 
It is determined by performing the same measurement with 
a similar diamagnetic sample (compare also § 2). The 
reproducibility in the volume susceptibility xVF of hydrated 
salts amounts to about IQ-® at frequencies ranging from 
0.1-10® Hz to 14-10® Hz. In this connection we mention 
that the volume susceptibilities of iron ammonium alum 
and cupric Tutton salts are about 170-1O-® and 25-10“® 
respectively at 90®K. 

Because of the uncertainty in the filling factor q the 
high frequency susceptibilities are not determined ab- 


1 L. J. F. Bkoer and D. C. Schering, Physioa^ 10 (1943) 631. 
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solutely but as a fraction of the static susceptibilities Xo* 
This is possible because the high frequency susceptibility 



Fig. 8 

Measuring coil enclosed in copper cylinder after Broer and Scherinq. 

3 
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in the absence of a longitudinal field is always equal to 
the static susceptibility Xo* 

Perpendicular fields have no detectable influence on 
the high frequency susceptibility; usually, therefore, all 
measurements are carried out in an iron-free cylindrical 
coil, the axis of which coincides with that of the meas- 
uring coil. 

Brons^ has given a few fundamental considerations about 
the construction of such coils. The problem is how to obtain 
a magnetic field in a cylindrical space of radius d when a 
certain electrical power is at one’s disposal. As these con- 
siderations may be of some interest to those wishing to 
construct such a coil for the study of paramagnetic relax- 
ation or for other purposes, we will briefly summarize 
Brons’s conclusions. The magnetic field obtained in a 
homogeneously wound cylindrical coil is 

H = 0AF \/ ’’LSA. 44 

V 2 pd 

where q is the filling factor, being the ratio between the 
volume occupied by the metal (copper) wire carrying the 
current, and the total volume; A is the electric power dis- 
sipated as Joule heat and p is the specific resistance of the 
metal (copper). The factor F depends on the shape of the 
coil. Brons has calculated F for a few different shapes of 
the coil. His results are given in Pig. 9. The height of the 
coil is 2 ^ its inner and outer radius are d and d + x 
respectively. It is seen that the most favourable value 
F 0.36 is reached when the outer radius is about three 
times the inner radius and the height is about four times 
that inner radius, but rather considerable deviations from 
this ideal shape are tolerable. If two or more different 
power supplies can be used together, it is advantageous to 
divide the coil in such a way that the current density 
decreases approximately in proportion to the minus three 

1 F. Brons, Thesis, Groningen, 1938. 
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halves power of the distances to the axis. The filling 
factor q depends, chiefly on the system adopted for cooling. 
Most systems (coils wound on a cylinder in which water 
circulates, copper tubes cairryiug currents of electricity as 
well as of cooling liquid, wires alternating with tubes etc.) 
lead to rather unfavourable filling factors. A favourable 
construction is obtained by spiralling isolated copper wire, 
preferably of flat rectangular cross-section into flat discs 

F 



BRiONS’s factor influencing the strength of the field obtained in an 
iron free cylindrical coil of height 2 y and inner and outer radius 
d and d x respectively. The field is then given by (44) . 

and interleaving these with cooling discs in which a cooling 
liquid circulates between thin brass sheets; in this way a 
value of g = 2/3 may be reached comparatively easily. To 
give an example : if the available power is 20 kWh and the 
inner radius must be 5 cm, a field of about 7200 0 is obtain- 
able. It is evident that the cross-section of the copper wire 
must be chosen in such a way that the available power can 
be dissipated as Joule heat. 
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The apparatus used by Starry at Cambridge (Mass.) is, 
apparently, rather similar to Broer and Schering's ap- 
paratus. One of the two differences is the method to 
measure the audio-frequency. In Starr ^s arrangement this 
frequency feeds one set of plates of a cathode ray oscillo- 
graph, while the other set of plates is connected to a 
calibrated audio frequency generator, which then is ad- 
justed so that a standing pattern on the screen is obtained. 
This same method has been used by Bronb and Teunissen 
in Groningen, but it has since been dropped in favour of 
the direct reading frequency meter which operates nearly 
twice as quickly. On account of frequency fluctuations of 
the oscillator this was of some importance but it is true 
that Starr can claim an unusually good constancy for his 
oscillator. The second difference concerns the coil, which 
brings about the constant field. This is a large Bitter 
magnet which gives fields up to 60000 0 while in Holland 
the largest field regularly used is only 3200 0 . Though 
Starr, apparently, also has an arrangement enabling him 
to insert and to remove the sample, he does not use it as 
it does not give sufficiently reproducible results. Instead, 
he leaves the sample in its place and determines the 
variation of the oscillator frequency when the constant 
field is changed by steps. He then, apparently, assumes 
x' to be zero in a field of 60000 0 , an assumption which 
is not generally admissible. The uncertainty of the cor- 
rection which therefore has to be applied is possibly res- 
ponsible for serious discrepancies between his results and 
those obtained in Holland-^. 

§ 2. CALORIMETRIC METHOD 

In this method a small thermally isolated sample is sub- 
jected to a high frequency magnetic field, while its tem- 
perature is continuously observed. 

1 C. Starr, Thys. Bev., 60 (1941) 241. 

2 L. J. F. Broer, Thesis j Amsterdam^ 1945. 
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Pig. 10 shows the arrangement used by Dijkstra^ at 
Amsterdam. The sample of the substance under investig- 
ation is contained in a thin-walled glass tube hanging from 



Fig. 10 

Apparatus used by Dijkstra for researches on paramagnetic 
absorption by the calorimetric method. 


1 L. J. Dijkstra, Thesis, Amsterdam, 1943. 
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a long narrow glass capillary. The glass tube is filled with 
helium gas, the pressure of which can be observed by means 
of a manometer communicating by a steel capillary and 
the glass capillary with the space inside the glass tube. 
By this contrivance the glass tube serves as a calorimeter 
and at the same time as the reservoir of a gas thermometer. 
The measurements are usually performed at a constant 
volume of the gas, the wooden block K being screwed into 
the mercury -at such a rate that, in spite of the rise of 
pressure in the glass thermometer, the steel point at P 
remains very near to the surface of the mercury. The 
point P and the meniscus are observed with a microscope; 
it is essential that the regulation with the wooden block be 
not performed too abruptly, as then the helium gas would 
flow up and down the glass capillary, thereby causing 
a thermal leak. It is desirable to make the noxious 
volume around P small. The pressure of the helium gas 
is usually of the order of one atmosphere. If the glass 
capillary is too narrow, the pressure lags too much behind 
the temperature and if it is too wide, the thermal isolation 
of the calorimeter is affected. 

The glass tube hangs in a wider glass vessel which can 
be evacuated or filled with air at a low pressure through H. 
The glass vessel is placed in a Dewar vessel filled with 
some or other cryostat liquid. When the glass vessel is 
evacuated, the glass tube is thermally isolated from the 
surroundings. Radiation from above is reduced by a small 
metal screen in the glass vessel, which is in contact with 
the cryostat liquid; it is also necessary to screen off all 
visible light which might reach the glass tube. If these 
precautions are taken the radiation coming from room 
temperature is negligible compared with the conduction 
along the glass capillary. 

The measurements proceed as follows. When the tem- 
perature in the glass tube is equal to that of the cryostat 
liquid, it is thermally isolated by evacuating the glass 
vessel, and the pressure of the helium gas is measured 
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at M every two minutes. Then the high frequency magnetic 
field is switched on and maintained constant during a 
few minutes and finally this is switched off. During the 
steep rise of temperature and the after-period the pressure 
is also observed. Fig. 11 gives a typical example of the 
rise in pressure during a measurement. 



Rise of the pressure measured by the manometer. The high frequency 
magnetic field is switched on at and switched off at The 
development of heat is approximately proiportional to the distance AB 
taken at the time 

The presence of metal in the high frequency field has 
to be avoided most carefully, as this would lead to an 
enormous dissipation of heat. This was experienced a few 
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times when the sample contained a scarcely visible drop 
of mercury or a small chip of metal. Of course, the Dewar 
vessel should not be silvered. 

A high frequency magnetic field up to 10*10® Hz 
could easily be obtained by plaeing the coil of a resonant 
L C-circuit around the Dewar vessel, as indicated in 
Fig. 10. A reasonable high frequency current in this coil 
is 20 ampere which brings about a high frequency field 
of the order of 20 0 . It is very important that the vertical 
component of the high frequency electric field which may 
be several hundred volts per cm, be screened off. In spite 
of the low electric conductivity of glass and substance at 
low temperatures such a high oscillating electric field 
would give rise to a considerable development of heat. A 
layer of thin, mutually isolated, vertical aluminium strips 
on a pertinax cylinder around the Dewar glass proved 
to be an excellent screen. 

The high frequency current may be generated by any 
oscillator. Fig. 12 gives a diagram of the circuit used by 
Dijkstra for this purpose. Dijkstra worked with a Philips 
triode T.A. 12/10000 at an anode voltage of up to 5000 volts. 
In order to avoid harmonics the coupling between primary 
and secondary resonant circuit had to be rather loose. 
Later on Volger^ introduced link coupling with very 
satisfactory results. The constancy of the high frequency 
current was controlled by means of an ultra high frequency 
amperemeter; it could be regulated by a large auto-trans- 
former (type Variac) which varies the anode voltage in 
small steps. About the measurement of the high frequency 
magnetic field we shall speak later on. 

At higher frequencies than about 10*10® the large triode 
had to be replaced by a compactly built Philips TB 2/500 
which gave sufficiently k«rge high frequency magnetic 
fields up to about 78*10® Hz. At the highest frequencies^ 
the coil around the Dewar glass had to be replaced by a 


1 J. VoixJER, Thesis^ Amsterdam, 1946. 
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Lecher system introduced into the Dewar glass (see 
Fig. 13). The Lecher system had a wave resistance of 
about 300 0 and was closed by a copper ring, the sample 
was placed immediately over this ring between the Lecher 
bands. A current of about 5 ampere gave a high frequency 



Fig. 12 

Circuit used by Dukstra for the generation of high frequency 
magnetic fields. By interchanging condensers and coils the frequency 
could l>e varied between about 0.2*106 and 10*106 Hz. The secondary 
coil around the sample was, however, left the same, as far as 
possible. The high voltage condenser of Schott’s mino^ glass proved 
to be very handy. 


field of about 1.5 o. It was not possible to screen off 
effectively the high frequency electric field so that a con- 
siderable extra amount of heat was developed. 

In all these measurements the development of heat is 
found in millimeters of mercury pressure per second at 



§2 


CLiUjORIMETRIC method 


43 


a certain high frequency current registered by the ammeter. 
We may remark at once that the rise of pressure always 
proved to be proportional to the square of the readings 
on the ammeter, so that" reduction between different values 
of the current at the same -frequency did not give rise to 
any difficulties. If we wish to derive the absolute value 
of x"> we have to determine the amount of heat in calories 
corresponding to the differences in mercury pressure as 
well as the values of the high frequency magnetic field 
corresponding to the deflections of the ammeter. 

The first problem, being essentially the determination 
of the heat capacity of the calorimeter, is relatively easy 
to solve by winding a resistance wire on the calorimeter 
and dissipating in it a known amount of Joule heat. 
However, the introduction of the leads to the resistance 
wire without spoiling the thermal isolation is not easy at 
all and it would be an elaborate proceeding to do this 
for every sample. An alternative method proposed by 
Volger is to fix a somewhat elastic copper cylinder on 
the glass tube and to heat it in a reproducible way by 
induction in an alternating field of 50 Hz. 

One of the best ways to determine the high frequency 
magnetic field is proibably with the induction dynamometer 
that was proposed by Hertz^. Schematically the apparatus 
built by Volger for the purpose of determining horizontal 
high frequency fields (as obtained with the Lecher system 
just mentioned) is given in Fig. 14a. A small rectangular 
frame of copper wire hangs on a quartz fiber. The frame 
has about the same size as the paramagnetic sample and 
hangs in a glass vessel. If originally the angle between the 
direction of the high frequency field and the position of the 
frame is 7r/4 this angle may be supposed to change by, say, 
a when a homogeneous field with amplitude is switched 
on. If we may neglect the ohmic resistance in comparison 
with the inductance wL, which in our example is allowed 


1 H. Hertz, Wied . Ann.j 42 (1891) 407. 
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Fig. 14a 
Ap-paratus to 
measure horizontal 
hifich frequency fields 



or horizontal 
hi eh frequency fields 
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over 10® Hz, the moment due to the Lorentz force on the 
induced current is 


45 

where O is the surface of the frame. This moment is equal 
and opposite to Da, where D is the directional constant of 
the quartz fiber. If, therefore, we determine the dimensions 
of the frame (on which also L depends) and measure a we 
can calculate A systematic error is made if the high 
frequency field is not quite homogeneous. A similar ap- 
paratus which may also be used for vertical fields con- 
structed by VoLGER is shown in Pig. 14b. 

In nearly all older researches however the heat capacity 
of the calorimeter and the amplitude of the high frequency 
field were not determined, but the absorption was given 
in arbitrary units (e.g., rise of 0.1 mm mercury pressure 
in five minutes at a deflection of the ammeter of 10 am- 
peres). But then is was quite essential to check how far 
the ratio between high frequency magnetic field and am- 
meter deflection was independent of the frequency. This 
could be done by inserting a small test coil into ) this 
test coil was connected by a long double wire with a super 
high frequency milliammeter. If the resistance of the test 
circuit is negligible in comparison with its inductance wL, 
the ratio between induced current and high frequency 
magnetic field is independent of the frequency. It was 
found, in fact, that at frequencies between 10® and 
4*10® Hz the ratio between the deflections of the two high 
frequency instruments was constant. But at higher fre- 
quencies deviations occured amounting to about 10% at 
10*10® Hz. The corrections on the scale of the two high 
frequency instruments being small, a description of the 
deviations by a capacity of the order of 10 /x/aP in parallel 
to seems appropriate. In view of the presence of the 
vertical screening strips around the Dewar glass and of 
the magnet for the constant fields this is quite a reason- 
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able result. In this way it was possible to derive the cor- 
rection which had to be applied in order to ensure that 
the ‘‘absorption in arbitrary units” is proportional to vx", 
the proportionality constant being independent of the 
frequency. 

We have dwelt upon the custom of expressing the para- 
magnetic absorption in arbitrary units and upon the neces- 
sary accessory calibrations, not only because most older 
results have been presented in this way, but also because 
the relative accuracy of the numbers thus obtained is, as 
yet, better than the accuracy of absolute determinations 
involving determinations of heat capacity and amplitude 
of the high frequency field. In the older researches com- 
parison with the theory required the adjustment of the 
arbitrary unit with the aid of the theory itself ; it is 
certainly satisfactory, however, that this adjustment can 
now be dropped. 

Finally, a few words must be added concerning the cor- 
rection applied for the heating due to high frequency 
electric fields. It is sometimes determined by measuring 
the heat developed in similar samples not containing para- 
magnetic ions (e.g., aluminium alum for iron- and chromium 
alum, magnesium ammonium sulphate for copper, nickel 
and iron ammonium sulphate). At relatively low frequen- 
cies, where the electric field can be screened off efficiently, 
this correction is often of little importance, but at higher 
frequencies, and especially when the Lecher system is used, 
its uncertain nature is very awkward. Sometimes it has 
been found helpful to make use of the theoretical expect- 
ation that the paramagnetic absorption vanishes in a very 
large perpendicular magnetic field. 

§ 3. BRIDGE METHOD 

At Leyden De Haas, Du Pro, Casbhr, De Klerk, and Bijl 
carried out a series of observations with a bridge method 
in the frequency interval between 16 and 256 Hz. They 
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worked at the temperatures obtainable with liquid helium 
as the most interesting region for the relaxation, which 
for quite a number of substances lies at radio frequencies 
at liquid air temperatures, has shifted to audio frequen- 
cies at these very low temperatures. The employment 
of very low temperatures has also the advantage that, in 
accordance with Curie’s law, the susceptibilities are much 
larger and that therefore a good relative accuracy may be 
obtained rather easily. 



Fig. 15 

Sketch of a Hartshorn bridge used at Leyden for the simultaneous 
determination of paramagnetic dispersion and absorption. 

A mutual induction bridge according to Hartshorn 
was used.^ 

As a rule a vibration galvanometer G with an, over a 
wide range, adjustable frequency was used, as null in- 
strument of the bridge and was preceded by an audio 
frequency amplifier A* 

The mutual inductance between the primary coils P in 
Fig. 15 and the secondary coils S would be very small in 
1 F. K. Du Pr6, Thesis, Leiden, 1940. 
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the absence of the sample. At “high"’ temperatures (e.«., 
in liquid air) it is also small because of the smallness of 
the susceptibility. But at liquid helium temperatures the 
mutual inductance is quite considerable. The difference can 
be compensated and measured by a change of the calibrated 
inductor M. Similarly, the difference in absorption due to 
the sample can be compensated and measured by a change 
of the variable resistance R. 

It is essential to reduce magnetic coupling of the coils P 
and S with the surroundings, as well as with each other, 
through intermediary of metal parts. The coil S is there* 
fore wound in three sections, the upper and the lower 
Section each having half as many turns as the middle 
section. The three sections are connected in such a way 
that compensation exists for homogeneous fields. The 
sample is placed in the middle section. The shielding of 
the primary coil from the surroundings is more refined. 
This coil consists of two concentric separate coils of equal 
length the diameters of which are in the ratio 1 : 1^2, while 
the number of windings is in the ratio 2 ; 1. The circul- 
ation of the . currents in the coils is in opposite directions. 
Under these conditions the resulting field vanishes very 
quickly with increasing distance from the coils; as a matter 
of fact, as quickly as that of a magnetic octopole, while 
the field produced in the inner coil by the current in this 
' coil is only reduced to half its value by the current in 
the outer coiP. 

The bridge method has the advantage that the dispersion 
and the absorption can be measured simultaneously. Ex- 
perience has taught that between different samples small 
differences usually exist, especially when they have been 
treated differently as regards their sealing and evacuating. 
Simultaneous measurement of x" eliminates this 

difficulty and makes thereby a more rigourous test of 
theoretical conceptions feasible. 

1 H. B. Q. Casimir, D. Bijl and F. K. Du Pr4, Physica, 8 
(1941) 45a. 



III. RESULTS 

§ 1 . SURVEY OF THE SUBSTANCES INVESTIOATED 

The following list contains the pure substances about which 
experiments concerning the paramagnetic relaxation have 
been reported. If later experiments yielded more accurate 
results or were carried out over a wider range of variables 
only these later results are mentioned. 


Substance 

Method 

Fre- 
quency XI 0 ® 

Temperature 

Result 

GdjCSO,), . 8 HjO 

D 

0.1-9 

77; 90; 290 

+ 


A, c, d 

0 . 1 - 10 ; 78 

77; 90 

+ 


A 

10-20 

14; 20; 77 

+ 


B 

4 and 6*10-5 

1.3-4.2 

+ 

Oa,(C2H4)3 . 10 H,0 

D 

0.1-9 

77; 90; 195 

-h 

ad(C2H30,)3.4H2O 

D 

0.2-9 

77; 90; 195; 290 

.+ 

GdjOa 

D 

9 

77 

— 


D 

9 

77 

— 

TiCsCSOOj . 12 H 3 O 

D 

3 

77 

— 


A, c 

6 

77 

— 


A 

10-20 

14; 20 

, + 


B 

6-10-5 

1.2 

— 

V(NH,)(SO.),.12H.O 

D 

4 

64 

— 


A 

10-20 

14; 20 

+ 

CrK(SO.)..12HaO 

D 

0.2-7 

64; 77; 90 

+ 


A, c, d 

0.2-78 

77; 90 

+ 


A 

10-20 

14; 20 

+ 


B 

2.5-25*10-5 

2.0 

+ 

CrISrH,(SO,)a . 12 HjO 

D 

2-10 

77 

+ 

CrK.(CA). 

D 

0.2-13 

77; 90 

+ 

[Cr . 6 IlaOJOl, 

D 

0.2-9 

90 

+ 

[Cr.4H,0.2Cl]C1.2Hj0 

D 

0.2-9 

77; 90 

+ 

[Cr. 6 NH,](NO.). 

D 

0.2-13 

77; 90 

+ 

[Cr.2H,0.2NH,.2Cl]Cl 

D 

0.2-9 

77; 90 

+ 

[Cr.6NH,]Cl,.2HgCU 

D 

0.2-9 

1 

77; 90 

+ 


4 
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Substance | 

Method ! 

1 

Fre* 

quencjX^Oe ^ 

Temperature 

1 Result 

[Cr.5NH,.CflClj 

D 

9 

77 



B 


77 

— 

[Cr.SKH^.H^OlOla ’ 

B 

9 

77 

— 

Cto(S 04 ) 8 . 6 H ,0 

B 

9 

77 

— 


A, c, d 

34; 78 

90 

+ 

CrK(e04)8 

D 

4 

64 

— 


A, c, d 

78 

77 

+ 

Cr.CSOJs 

A, c, d 

■ 78 

. 77 

+ 

Cr(NOa)3 . 9 H^O 

B 

0.2-4 

77; 90 

+ 

KaCrF* 

B 

0.2-13 

77; 90 

+ 

V(NH4),(S04)2.6Ha0 

B 

0.2-4 

64; 77; 90 

+ 

FeNH4(k)4)2 . 12 HaO 

B 

0.2-7 

64; 77; 90 

+ 


A, c, d 

A 

0.2-78 

10-20 

77; 90 

14; 20; 77 

+ 


B 

4 and 6:10-5 

1.3-4.2 

+ 

Fe(N08)3 . 9 H,0 

B 

0.2-4 

64; 77; 90 

+ 

FeNH4(SO0a 

B 

4 

64 

— 


A, e, d 

78 

77; 90 

+ 

KaFe(CN )4 

B 

4 

64 

— 

Fea(S04)a . 9 HaO 

B 

9 

77 

— 

FeCla . 6 HaO 

B 

9 

77 

— 

Fea(Ca04), 

B 

9 

77 

— 

FeOla 

B 

10 

77 

— 

Mn(NH4)2(S04)2 . 6 H^O 

B 

0.1-4 

64; 77; 195; 290 

+ 


A, c, d 

0.1-78 

90; 195 

+ 

MnS 04 . 4 HaO 

D 

0.1-9 

77; 90; 290 

+ 


A, c, d 

78 

77; 90 

+ 

MnCL . 4 

B 

0.2-7 

64; 77; 90; 290 

+ 

MnOla . 2 MgCla . 12 HaO 

B 

0.2-9 

290 

+ 

Mn804 

B 

4 

64 

— 


A, c 

22 

77; 90 

+ 


A, c, d 

78 

77; 90 

+ 

MllCla 

B 

4 

64 

— 

MnO 

B 

4 

64 

— 

MnCO, 

B 

10 

77 

— 

MnFa 

B 

10 

77 

— 

FeS 04 . 7 HaO 

B 

4 

64 

— 

F6(NH4)a(S04)2.6Ha0 

B 

4 

64 

— 


Aj c 

6 

77 

— 


B 

6*10-5 

1.3 

— 

CQSO 4 . 7 HaO 

B 

4 

64 

— 
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Substance j 

Method 

Fre- 
quency XI 06 

1 Temperature 

j Result 

• 

Co(NH,) 2 {S 04 ) 2 . 6 H 20 

D 

4 

64 


NiSO,.7HiO 

D 

0.2-9 

77; 90 

+ 


A, c 

2-10 

77; 90 

+ 

Ni(NH4)2(S04)2 . 6 H^O 

D 

0.2-9 

77; 90 

+■ 


A, c 

2-6 

77; 90 

+ 


D 

4 

G4 


0u(NH4)2(S04)2.6H,0 

U 

0.2-13 

77; 90 

+ 


A, c, d 

78 

77 

+ 

CUSO 4 . 5 H,0 

D 

0.2-13 

77; 90 

+ 


A, c, d 

3-78 

77; 90 

4“ 

Cu(Br 03 ) 2 . 6 H ,0 

D 

9 

77 



A, c, d 

78 

90 

+ 

Cu . 4 NH 3 . SO 4 . ILO 

D 

9 

77 

— 

CUSO 4 

A, c, d 

78 

77; 90 

+ 

CuCb . 2 H 2 O 

A, c, d 

78 

77; 90 

+ 


D means: dispersion measurements by the heterodyne beat 
method. A means: ^absorption measurements by the calori- 
metrid' method. Later researches in which especially the 
dependence on longitudinal and transversal magnetic fields 
were studied {He and Hd) are denoted by A, c, d. B in- 
dicates measurements by the bridge method at Leyden. In 
most D and A, c, d researches the constant magnetic fields 
ranged up to 3200, 4000 or 4800 0 . The measurements by 
Starr at 2 — lOTO® Hz (chromium alums, iron alum, hydrat- 
ed manganese sulphate, hydrated manganese chloride, ferric 
chloride, manganese carbonate, and manganese fluoride) 
ranged up to 60000 0 , while those by the bridge method 
were usually extended up to 2300 0 . 

§ 2. RESULTS OF THE DISPERSION MEASUREMENTS 
BY THE HETERODYNE BEAT METHOD 

The heterodyne beat method is convenient and quick when 
the experimental arrangement is in good working order; 
this appears also from § 1, where the measurements carried 
out by Teundssen and Broer by this method are far more 
numerous than all measurements by other methods. 
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Figures 16a and 16b give the results on Gd 2 (S 04 ) 3 . 8 HjO 
in graphic form (comp. Ch. I, § 5) as a typical example^ 
The curves represent the equation 

= + 46 

where F is given by the Casimir-Du Pse relation (comp 
Ch. IV, § 2) 

r, 

■~'h + CH,? 47 

with 6/C = 3.9-10® e ? ; the values of p are given in Table IV. 



Fig. 16a. 

Paramagnetic dispersion in Gdj (SO4) 3 . 8 H^O at 77 °K 


As appears from the figures the agreement with the ex- 
perimental curves is very good. It is possible to describe 
the dependence of p on He by the Brons-Van Yuekx. 
equation- (comp. § 3 and Ch. IV § 2) 

6 + CHo^ 

'’“^"6 + pCn / 48 

1 L. J. F. BRiOER and C. J. Gorter, PhyHoa, 10 (1943) 621. 

2 F. Brons, Thesisj Groningen, 1938. 

J. H. Van Vleck, Phys. Bev,, 57 (1940) 426. 
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Fig. 166 

Paramagnetic dispersion in 004(804)3 . 8 HoO at 290 



Fig. 17 

p as a functiom of in Gd^ (>804) 3 . 8 H2O 

The theoretical results in the last columns of Table IV 
have been obtained by taking for po the values 1.6*l(h® 
and 0.42-10-® and for p the values 0.40 and 0.36 respect- 
ively. 
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TABLE IV 


p -VALUES IN G(l2(S04)3.8HoO 



F 

|p-l'0*(77°) 

1 p-10« (290") 

p-10*(theor.) 

800 

0.14 

1.7 

0.50 

1.7%- 0.46 

1600 

0.40 

2.1 

•0.55 

2.1 ; 0.56 

2400 

0.60 

1 2.5 

0.69 

2.5 ; 0.68 

3200 

0.72 

2.8 

0.79 

2.8 ; 0.78 


Most values of and p have been borrowed from 

Broer’s thesis^ which analyses quite a number of p- values 
in this way. We must stress, however, that the experimental 
inaccuracy leaves a wide margin in po and p. For instance, 
the difference between the two values of p (0.40 and 0.36) 
is much smaller than the experimental uncertainty. 

Before giving more detailed data we shall first mention 
a few investigations of a more or less fundamental charac- 
ter. Experiments have been carried out by Teunissen^ on 
solutions of MnS 04 which are known to belong to the nor- 
mal paramagnetic substances. No inhibition of the suscep- 
tibility could be observed at a frequency of 3.8-10® Hz and 
He — 3200 0 , while in MnS 04 . 4 HgO the high frequency 
susceptibility under these conditions was as low as about 
0,5 Xo* When the temperature was lowered until ice and 
finally a solid salt crystallized out, there appeared at last 
a decrease of x' ^oo. 

Teunissen^ also carried out a few measurements on iron 
ammonium alum with different angles (p between the con- 
stant and the high frequency field. He could verify the 
relation 

/.p =x'cos"f + Xosin'ip 49 

which means that we are allowed to decompose the high 
frequency field in the directions parallel and perpendicular 

1 L. J. F. Broer, Thesis, Amsterdam, 1945. 

2 P. Teunissen and C. J. Gorter, Physica, 7 (1940) 33. 

2 P. Teunissen and C. J. Gorter, Physica, 5 (1938) 483. 
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to He and add the varying magnetic moment caused by each 
of those two components individually. 

Teunissen^ also experimented with a single crystal of 
the cubical iron ammonium alum. He failed to detect any 
anisotropy of His accuracy was about 2 % of Xo- 

Finally, we mention that, though usually no constant 
fields over 3200 0 have been used, a few measurements have 
been carried out with Mn(NH 4 > 2 (S 04)2 6 HgO in the much 
stronger fields obtainable between the pole pieces of a 
Weiss magnet. As with such a magnet it is not possible 
to pull the sample quite away in the direction of the com- 
mon axes of high frequency field and constant field, a 
special arrangement without a Dewar vessel had to be 
made^ which could only operate at room temperature. The 
result of the measurements up to 9000 0 was that at high 
fields x' show much further decrease. Measure- 

ments in still stronger fields carried out in a magnet coil 
by Starr (comp. Ch. Ill, § 1) led to the general result 
that there is not much further decrease of x^ when 
Hc» {b/CY'y This is qualitatively in agreement with (48). 

We shall now proceed to a review of the results of the 
measurements. In order to save space we will not give 
individual measurements on the many substances investig- 
ated, but refer, also for the deduced values of p, to the 
original publications. We shall only give the values of h/C 
deduced by the authors from their measurements and also 
the values of po? P Poo =Po/p derived by Broer in 
his thesis from the p-values given by the authors. Even in 
favourable cases the uncertainties in 6/C, po and p are 
of the order of 10% ; in less favourable cases they are 
much larger. In § 3 we shall see that it is often possible 
to deduce values of h/G, po and p from absorption measure- 
ments. For simplicity we mention these values already i^ 
the same list, though for a right understanding of the 

1 P. 'rEiXNiSiS’EN and C. J. Gortee, Physioa, 5 (1938) 855^r 

2 P. Teunissen and C. J. Gorter, Physica, 7 (1940) ^ 
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in which they are obtained reading of the next paragraph 
is necessary. 

Gadolinium salts, 

1. Gd 2 (S 04 ) 3 . 8 HjO. The results obtained from dis- 
persion^ and absorption^ measurements are summarized in 
Table V, The results from the dispersion measurements 
are printed over those from absorption measurements. 

TABLE V 

RESULTS ON Gd^CSGOa . 8 HA MSPEBSION AND 
ABSORPTION RESPECTIVELY. 
h/C = 3.9.106 02. 


T 

' Po- 10* 

p • 10« 

V 

77® 

1.6 

4.0 

0.40 

1 

1.1 

4.0 

0.28 

90® 

1.95 

4.2 

0.47 


1.4 

4.4 

0.32 

290® 

0.42 

1.25 

0.36 


— 

— 

— 


Table V shows that the values of po, though remaining 
of the same order of magnitude, differ considerably in 
dispersion and absorption, and also the values of p, but it 
is remarkable that the values of =:p^/p differ much 
less than those of p^. This behaviour is often found when 
the results obtained from dispersion and absorption or 
obtained by the same method applied to two samples differ. 
We can, therefore, formulate what we shall call the first 
empirical rule (about different samples): the variation 
in pao is smaller than that in p^. This substance is also 
an example of the second empirical rule: if Poo /po is not 
bqnstant p^ varies less with T than po. 

1 J. F. Broer and C. J. Gorter, Physica, 10 (1943) 621. 

2 t\w. -de Vrij-Er, j. Volger, and C. J. Gorter, Physical 11 
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A very peculiar result concerning this substance is that, 
whereas p generally decreases with increase of T, po at 90®K 
is doubtlessly larger than at 77^K. 

2. Gd 2 (C 204 ) 3 . 10 HgO. The results^ are summarized in 
Table VI and in the figures 18 and 19. 


TABLE VI 

RESULTS FOB Od2(CA)3 . 10 ILO. 
l/C — 1.8.106 02. 


' 

T ! 

10* 

P * 10* 1 

1 ^ 

770 

1.5 

3.6 

0.42 

1:0 

0 

0 

1.5 

3.6 

0.42 

195^ 

0.24 

1.5 

0.16 


At 290®K: p < 0.02 . 10-6 gee. 


At liquid air temperatures p is very slightly dependent 
on the temperature, whereas at higher temperatures the 
dependence on T is decidedly pronounced. The variation 





Fig. 18. 

Paramagnetic dispersion in Gd 2 ( 0204 )s . 10 H 2 O at 90®K. 

1 L. J. F. Bkoer and C. J. Gorter, Fhysioay 10 (1943) 621. 
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of p is also certain and in agreement with the second em- 
pirical rule. 



Paramagnetic dispersion in Gd 2 ( 0 ji 04)8 • 10 H 2 O at 


3. Gd(C2H302)3 . 4 HjO. This substance has been in- 
vestigated^ at 77°, 90°, 195° and 290°K, but the results 
for the higher temperatures are few and xVxo differs little 
from 1. b/C is about 8.7'1O«0*. This is so high and the 
variation of p up to IIc = ^200 is so small that an accurate 
value for p cannot be deduced. Its order of magnitude is 
0.6 at the two lower temperatures, p is about 0.7-10-“, 
0.510-8, 0.310-8 and 0.12-10-8 ggc at 77°, 90°, 195° and 
290°K. The dependence of p on T has, therefore, the nor- 
mal sign but is very small. 

• 

Chromic salts 

4. CrK(S04)3 . 12 HjO. A large number of investigations 
have been carried out on this salt. In § 3 and § 4 we shall 
mention the results obtained from measurements of para- 
magnetic absorption and those obtained by the bridge 

1 L. J. F. Broee and C. J. Ookteb, Fhysiea, 10 (1943) 621. 
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method at very low temperatures. Table VII summarizes 
the results obtained on three samples. Sample I was a 
Brocades preparation, while sample II was obtained from 
the same preparation by recrystallizing. Broer* studied 
the dispersion of both samples. Another part of this re- 
crystallized substance was used by Dijkstra and Van 
Paemel'^ in their absorption measurements. The three sets 
of values belonging to each value of T refer to sample I, 
sample II and the absorption measurement respectively. 
Earlier investigations of a provisional character by Brons 
and by Dlikstra and Groenduk have been left aside. 

TABLE VII 

RESULTIS FROM DIBPERSIO'N (2 SAMPLES) AND 
ABSORPTION IN CrKCSOO. . 12 H^O. 
hJC =z 0.65 . 106 02. 


T 

h- 10* 


P 

7JO 

0.9 

4.1 

0.22 


0.7 

2.8 

0.25 

1 

0.62 

2.7 

0.23 

o 

o 

0.33 

2.1 

0.16 


0.25 

2.0 

0.13 


0.23 

1.8 

0.12 


As appears from this table the difference between the 
results about the dispersion in samples I and II in accord- 
ance with the first empirical rule at 90°K but not at 77°K. 
It is surprising that upon recrystallizing, p decreases. The 
difference of p at the two temperatures is considerable and 
in agreement with the second empirical rule. 

Starr‘S has determined h/C at 77°K; he finds b/C = 

1 L. J. F. Broer, Thesis j Amsterdam, 1945. 

2 L. J. Dijtcstra, C. J. GtOrter, and O. Van Paemel, Physica, 9 
(1942) 673. 

3 C. Starr, Phys. Bev., 60 (1941) 261. 
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0.64*10® 0 ^ in excellent agreement with our result; he did 
not publish p-values. 

5. Cr(NH 4 ) ( 804 ) 2 . 12 HgO. Stare^ determined h/C, 
and found 2 . 68 * 10 ® 0 ^ 

6 . CrK, (€ 204 ) 3 . The ^/C-value^ is 27*10® 0 ^. This is so 
high that p cannot be deduced from the results. It seems 
to be rather small however. At 77° and 90°K p is of the 
order of 0.3*10“® sec and 0.2*10“® sec respectively. 

7. [Or . 6 H 2 O] CI3. ' This substance has only been in- 
vestigated^ at 90°K. 


TABLE VIII 

EEiSULTS FOR [Cr . 6 H.OJCls. 
h/C = 0.96. IOC 02. 


T 

p«- 10* 

p • 1 

^00 

P 

90° 

2.5 

5.0 

0.50 


8 . [Or . 4 H 2 O . 2 Cl] Cl . 2 H 2 O. Results^ .* 
TABLE IX 

RESULTS FOR [Cr . 4 ILO . 2 C1]C1 . 2 H,,0. 
h/C — 4.5 . 106 02. 


T 

Po- lO" 

1 

P * 10« 

V 

77° 

1.2 

1.9 

0.63 

90° 

1.05 

1.5 

0.72 


The variation of p with T is within the limits of accuracy. 

1 C. Starr, Phys. Bev., 60 (1941) 261. 

2 L. J. F. Broer, Thesis y Amsterdam, 1945. 
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9. [Cr.GNHg] (N03)3. The 6/(7-value’ is 13*1O«02. No 
change in p with He was observed, which means that p 
does not differ much from unity. At 77° and 90°K p was 
0.20-10-® sec and 0.18-1O-® sec respectively. 

10 and 11. In [Cr . 2 H^O . 2 NH3 . 2 Cl] Cl and 
[Cr . 6 NH3] CI3 . 2 HgClg dispersion phenomena were ob- 
served^ which could not be described by a single Debye 
curve plus a constant. There was reason however to doubt 
the purity and homogeneity of the samples investigated. 

12. Cr(N03)3 . 9 HgO. Results: 


TABLE X 

RESULTS FOR Cr(N03)3.9HA 
h/C = 1.1 . 106 02. 


T 

i 

1 

1 

*t> 

0 

p * 10« 

P 

770 

2.2 

6.3 

0.35 

90° 1 

1 

0.7 

3.2 

0.22 


The variation of p with T is in accordance with the 
second empirical rule. 

13. KrgCrFo. The 5/C-value^ is 8*10® 0^ This is too 
large to allow a precise determination of p. It may have 
been of the order of 0.4. was about 0.19*10-® sec and 
0.15*10-® sec at 77® and 90®K respectively. 

Vanadous salts, 

14. V(NHJ2(S0,)2.6H20. h/C is about 4.8*10® 0 2, 
while p is only slightly dependent on He, which indicates 
that p was not far from unity^. According to the pro- 

1 L, J. F. Broer, Thesis, Amsterdam, 1945. 

2 J. Eisses, H. Groenduk and C. J. Gorter, Physica, 7 (1940) 865. 
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visional measurements p was about 15-10-®, 6.5-10“® and 
3*10® sec at 64°, 77° and 90°K respectively. 

Ferric salts. 

15. FeNH 4 (S 04 ) 2 . 12 H 2 O. This is the substance in 

which the phenomena of paramagnetic absorption and 
dispersion were discovered' and together with chromium 
potassium alum it is the most thoroughly investigated salt. 
The agreement between the po and p-values of different 
samples in dispersion and absorption is quite satisfactory 
though differences in p of the order of 10% were found. 
Table XI summarizes the results. 


TABLE XI 

RESULTS BOB Fo]SrH4(S04)o . 32 H.O. 
h/C =z 0.27 . 106 02. 


T 

Po- lO" 


V 

64° 

0.75 

3.0 

0.25 

77° 

0.25 

2.1 

0.12 

90° 

0.04 

0.9 

0.045 


at 195°K p <c 0.02 . 10-6 


It must be mentioned at once that the result obtained by 
Starry for p^ at 77°K is widely different. His results for 
that temperature are : po = 0.25-10-® sec ; = 1.0*10-® sec ; 

p = 0.25. However, in view of the agreement of three 
series of measurements on the dispersion and on the ab- 
sorption with Table XI and because the calculation of p 
in strong fields by Starr seems open to serious criticism 
(cf. Ch. II, § 1) we cannot but keep to Table XI. 

* C. J. Gorter, Physiod, 3 (1936) 603. 

C. J. Gorter and F. Brons, Physioa, 4 (1937) 579. * 

2 C. Starr, Phys. Bev., 60 (1941) 241. 
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One sees that po varies exceptionally fast as a function 
of the temperature. The variation of p^o is much more 
normal. This is in accordance with our second empirical 
rule. For that reason p is very strongly dependent on T 
and becomes very small at 90°K. But this low value of p 
(just as the low value of po) is rather uncertain, as it is 
merely founded upon the splitting of the experimental 
absorption in two terms (cf. § 3 (51) ), which leaves an 
ample margin. 

Teunissen' has performed a series of experiments on a 
“heavy alum” in which 93% of the ^-atoms had been 
replaced by deuterium. h/C did not change. The results 
on p are summarized in Table XII. 

TABLE XII 

RESULTS FOR ^^HEAVY^^ IRON AMMONIUM ALUM 


j, ! 

f„- 10* 

p • 10« 

P 

64® 

0.75 

3.0 

0.25 

77® 

0.32 

2.2 

0.14 

90® 1 

1 

0.08 

1.0 

0.08 


Table XII shows that at 64®K the results differ little 
from those in Table XI. The differences for p^ are also 
small. The difference for po at 90°K, however, is quite 
large. 

Teunissen^ performed also a series of experiments with 
alums in which 9% and 40% of the iron ions were re- 
placed by the non-magnetic aluminium ions. The results 
could be described by the same b/C, the p-values, especially 
in weak fields, having decreased somewhat. Thus po de- 
creased considerably, whereas hardly changed. The 

i P. Teunusisen and C. J. Gokter, Physioa, 6 (1939) 1113. 
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cbanges were relatively small at 64°K. The character of 
the changes is therefore very similar to that of the changes 
in heavy alum, but they are in opposite direction. 

16. Pe(N 03 ) 3 . 9 HgO. b/C was 19.5-10® 0 ^; that is too 
high for an accurate determination of p, which may have 
been of the order of 0.2. po was about 1.0-10-®, 0.7-10“® 
and 0.45-10“® sec at 64°, 77° and 90°K respectively. 

Manganous salts, 

17. Mn(NH 4 ) 2 (S 04 ) 2 . 6 H 2 O. Results recently obtained 
by Bboer^: 


TABLE XIII 

BEISULTS OK Mn (KH,) , . 6 HA 
h/C = 0.64. 106 02. 


T 

. Po: 10* 


P 


5.5 

1.1 

0.50 

195® 

0.93 j 

1.9 

0.49 

290® 

0.40 

0.8 

1 

0.50 


Older, less accurate results of Teunissen- led to 
0.75-10® 0 2 . The absorption measurements, however, (comp. 
§ 3) lead to the lower value 0.46-10® 0 ^. Teukissen* also 
carried out measurements at 64°K. 

Bboer’ performed a few experiments with the same salt 
where part of the Mn-ions had been substituted by Co-ions. 
It was found that a small amount of Co (1.5%) gave only 
a slight decrease of p. A larger amount (9%) exerted 
little influence at room temperature, somewhat more in- 
fluence (a factor 2) at 195°K and a very large change 

1 L. J. F. BriOER, Thesis, Amsterdam, 1&45. 

2 P. 'Teunussen and C. J. Gorter, PJi/ysioa, 7 (1940) 33. 



§2 


DiSPEKSION MEASUREMENTS 


65 


(a factor of the order of 50) at 90°K. This leads to the 
remarkable fact that the relaxation constants are smaller 
at liquid air temperature than at room temperature. 

18. MnS 04 . 4 H 20 . For 5/C Teunissen^ gives 6.2*10® 0^ 
while Starr- arrives at 4.2*10® 0^. This considerable dif- 
ference is not yet explained. Teunissen^s p^s do not seem 
to obey (48) but these values are very uncertain in the 
lowest field used. Neglecting the results at this lowest 
field of 800 0 we arrive at about po — 4*10-®, 3.2*10-® and 
0.32*10-® sec and p — 0.2 at 77°, 90° and 290° respectively. 

19. MnCls . 4 H 2 O. Teunissen^ and Starr give for h/C : 
19.5*10® sec and 19.8*10® 0 ^. This large value does not allow 
an accurate determination of p. It may have been rela- 
tively small. Po was about 1.0*10“®, 0.8*10-®, 0.5*10“® and 
0.09*10® sec at 64°, 77°, 90° and 290° respectively. 

20. MnCl 2 . 2 MgClg . 12 H 2 O. Broer® detected dispersion 
in this substance at room temperature but did not carry 
out further measurements. 

Nickel salts, 

21 and 22. NiSO^ . 7 H 2 O and Ni(NH 4 ) 2 (S 04 ), . 6 H 2 O. 
Only at the highest frequencies (about 10^ Hz) the differ- 
ence between x' Xo is notable and as pv apparently 
remains about 1 while F is quite small, it was not possible 
to derive F and p from dispersion measurements alone^. 
Making use of measurements of paramagnetic absorption 
and assuming the F- and p-values to be equal in both cases, 
it was possible to come to a conclusion about the order 
of magnitude, b/ C was about 90*10® 0 ^ for the Tutton salt 
while p was 0.14*10-® and 0.11*10“® sec at 77° and 90°K 

1 P. T^iundsisen and C. J. Gorteb, Phy&ica, 7 (1940) 33. 

2 C. Starr, Phys. Bev,, 60 (1941) 241. 

3 L. J. P. Broer, Thesis^ Amsterdam, 1945. - 

4 K J. F. Broer, L. J. Dukstea and G. J. Gorter, Physica, 10 
(1943) 324. 
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respectively. This result has however a provisional charac- 
ter and further researches at higher frequencies or lower 
temperatures are required to verify the conclusions. The 
results on the hydrated sulphate are so uncertain that we 
prefer to omit them. 

Cupric salts, 

23. Cu(NH 4 ) 2 (S 04 ) 2 . 6 HgO. At Leyden it was dis- 
covered by Bull' that the corresponding potassium cupric 
Tutton salt shows dispersion in small parallel fields at 
liquid helium temperatures, and shortly afterwards the 
same conclusion was reached by Groenbijk for the am- 
monium cupric Tutton salt at liquid air temperatures. But 
because of the small susceptibility the reproducibility was 
unsatisfactory. Later on Broer and Kemperman succeeded 
in measuring reproducible dispersion curves. Dijkstra- 
carried out measurements on absorption. Broer and 
Dijkstra arrived at about the same p-value, but Dijkstra^s 
h/C-value was about 25 % lower. We give an average 
result. 


TABLE XIV 

REBULTB ON On (NK,), , 611,0. 

h/C = 0.16.106 0\ 


T 

e 

0 

8 

S 

i 

V 

770 i 

0.35 

0.7 

0.5 

0 

0 

0.24 , 

0.4 

0.6 


24. CUSO 4 . 5 H 2 O. The results on this salt are some- 
what similar to those on the nickel salts. Broer^ detected 

» I>. Bul, Physica, 8 (1941) 461. 

2 L. J. Dijkbtra., Thesis j Amsterdam, 1943. 

* L. J. F. Bboer, Thesis, Amsterdam, 1945. 
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a beginning of dispersion and Voioer and De Vrijer' 
studied the absorption up to frequencies of 78-10® Hz. In 
spite of the wide range of the measurements it was not 
possible to determine 6/C with certainty. It probably is 
a few times 10^ 0 ^. p is undoubtedly about 0.03*10~® sec 
at 77° as well as at 90°. 

§ 3. results of the absorption measurements 

BY THE CALORIMETRIC METHOD 

a. Without a constant magnetic field 

The first investigations of paramagnetic relaxation- were 
those carried out at Leyden on the absorption at liquid 
hydrogen temperatures in the absence of a constant mag- 
netic field. The determination of the amplitude Hq of the 
high frequency field and of the heat capacity of the sample 
were very rough, so that the results gave only the order 
of magnitude of x"- Nevertheless, a few results of a rather 
essential nature could be obtained in those researches, viz. : 

a. The development of heat is proportional to This 
has repeatedly been verified in various substances, also in 
the presence of constant fields, even when a field He of 
the order of Hq already has an appreciable influence on y"* 
This means that up till now x" is found to be independent 
of the amplitude Hq. 

h. The development of heat is inversely proportional 
to T. This result has been verified too for a number of 
normal paramagnetic substances, in the absence of a con- 
stant field or in a perpendicular field Ha- It usually does 
not apply in parallel fields He. As the static susceptibility 
Xo is also inversely proportional to T in normal para- 
magnetic substances, this result means that is pro- 
portional to Xo- 

c. In chromium alum, iron alum, and gadolinium sulph- 

1 J. VoDGER, Thesis y Leyden, 1946. 

2 C. J. GtORTER, Th/ysioa, 3 (1936) 503. 
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ate octohydrate the development of heat is approximately 
proportional to the square of the frequency v. This 
result seemed not to apply to vanadium alum and to a 
series of iron- and chromium alums in which part of the 
maignetic ions had been replaced by non-magnetic alumi- 
nium ions. 

d. The development of heat in the diluted^’ alums just 
mentioned, is much larger than in pure alums. This was 
particularly striking in a sample which contained 20% iron 
and 80 % aluminium ions. The development of heat in this 
sample at 20*10® Hz was at 20^K twice that in pure iron 
alum, so that it was per iron ion ten times larger. Further 
decrease of the iron content did not lead to any further 
considerable increase of the absorption per ion. 

The results a, h and c may be summed up by putting 

A = /'v = XopV 50 

where p' is independent of T and v. 

The results mentioned under d indicate an increase of p' 
upon diluting, though the apparent dependence of p' on v 
(under c) sheds some doubt on the significance of p' in 
this case. The results on vanadium alum, mentioned under 
c, should also be regarded with some reserve. Later experi- 
ments on CUSO4 . 5 HgO at a frequency of 78*10® Hz showed 
that the absorption was only 82% of that deduced from the 
measurement at lower frequencies by means of (50) 

The absolute values of p' are usually of the order of 
10“® sec. 

The values^ of p' obtained by Voixjer given in the follow- 
ing list cannot claim a high accuracy. The uncertainties 
are at least of the order of 10%. 

b. In a 'parallel field He- 
in a parallel constant magnetic field the development of 
heat may increase enormously as was first noted by Brons 
in 1938^. Fig. 20 gives an exiample of this increase in 

1 J. VoiXJER, ThesiSj Leyden, 1946. 

2 F. Brons and C. J. Gorter, Physica^ 5 (1938) 599. 
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TABLE XV 

Approximate p' values for various substances, the substances 
placed in parentheses are no normal paramagnetic sub- 
stances as Curie’s law does not apply to them. It is doubt- 
ful in how far p' will be independent of T in these sub- 
stances. 


Substance 


Substance 

0 

1— 1 

G-do ( 804 ) 3 . 8 H,0 

0.36 

MnS04 

(0.60) 

CrK ( 804 ) 2 . 12 H 5 O 

1.6 

Fe(NH.).. (SO,),. 6 IIjO 

< 0.02 

Or^ ( 804 ) 3 . 6 H 3 O 

(0.56) 

Ni 804 . 7 H ,0 

< 0.02 

Crk ( 804)2 

0.98 

Cu(NH4)2(^4)2.6H,0 

5.7 

Cr,(S04)3 

(0.53) 

(hiS 04 . 5 HjO 

4.2 

FeNH 4 ( 804 ) 2.121120 

0.7 

Cu ( 8103 ) 2 . 611,0 

7.1 

FeNH4 ( 804)2 

(0.85) 

CUSO 4 

(0.40) 

Mn(NH4)2C804)2 . 6 11,0 

0.79 


6.0 

MnS04 . 4 H,0 

0.40 

I CuCh . 2 H ,0 




0 eoo 1600 2^00 3200 4000 


Fig. 20 

paramagnetic absorption at 90°K in chromium alum as a functior 
of the parallel field 
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chromium alum. The relative increase is most pronounced 
at the lower frequency as the development in a zero field 
is usually proportional to (comp. (50) ), whereas that 
in parallel fields usually increases at a lower rate with v. 

Fig. 21 gives the absorption in gadolinium sulphate octo- 
hydrate at 77°K as a function of the frequency^ and may 
serve as an example of the usual behaviour. Let us first 



Absorption in Gd.(S 04 ) 3 . 8 H^O at 77°K expressed in 
arbitrary units 

consider the absorption in the highest constant fields of 
2400 0 , 3200 0 , and 4000 0 . Within the limits of accuracy 
this absorption follows a simple Debije curve: 

1 F. W. De Vrijer, J. Vodger, and C. J. Gk)RTER, Physica, 11 
(1946) 412. 
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A = Y V = ;; — ; 

1 “T p V 

where k and p are constants. At zero field the formula 
of the absorption is 

^ = x"v = XopV 50 

Inspection of the curves at low constant fields e.g., 400 
and 800 0 shows that p' does not merge continuously into p, 
but that both types of dependence on v appear to be super- 
posed. For that reason it is plausible to try 

^ = x"v = f^f^ + Xo(i-^’)pV 51 

This formula is not only capable of describing the ab- 
sorption in the present example, as is shown by the full- 
drawn lines in Fig. 21 calculated with (51), but also the 
great majority of the results obtained with other substances 
at all temperatures, p is usually strongly dependent on T, 
whereas p' is not. 

Table XVI gives the F-, p- and p'-values used in our 
example. 

TABLE XVI 

F, p AXD p FO'B adsOSOOa.SHjO 



F 

1 P • 10 ® 

p ' • 10 ® 

Ptheor-lO* 

0 

0 



0.0003 

1.1 

400 

0.05 

1.0 

0.0003 

1.1 

800 

0.14 

1.2 

0.0003 

1.2 

1600 

0.40 

1.5 

0.0003 

1.5 

2400 

0.60 

1.9 

0.0003 

1.9 

3200 

0.72 

2.4 

— 

2.3 

4000 

0.80 

2.6 

— 

2.6 


We must remark that the absolute F-values have been 
adjusted in such a way that they obey the Castmir-Du Prc 
formula 
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CHc^ 

M + CHc^ 


47 


(comp. § 2 and Ch. IV, § 2). b/C is 3.9•1O«0^ that is 
the same value as that found from the dispersion measure- 
ments (cf. Table IV). The values of p are of the same 
order of magnitude as those found in the dispersion mea- 
surements, but substantially smaller, especially in small 
parallel fields. As was mentioned in § 3, somewhat differ- 
ent values are often found for p in different samples. In 
absorption measurements relatively small values are often 
found. The fact that the ..difference is smaller in high 
constant fields is in accordance with the “first empirical 
Tule^^ given in § 2. 

The last column of Table XVI shows that also these 
values of p are within the limits of accuracy, in agreement 
with the Brons-Van Vleck formula 


b + CHc^ 
6 + pCIIc^ 
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The experimental curves are therefore described by a set 
of p- and /-values and a value of 6/C, / and b/C being 
independent of T. There are in this way quite a number 
of constants at our disposal, and especially if the interval 
of frequencies or the interval of fieldstrengths is not 
very large, there is considerable freedom to shift b/ C and 
the p’s simultaneously. The uncertainty is especially large 
as regards p', but' also for p it is usually at least 10%. 
Assuming beforehand the validity of (48), it is possible to 
reduce the number of constants. This possibility, however, 
not yet been used in the discussion of the measuring points 
and fur that reason no use has been made of (48) in the 
plotting of the "p-values. 

On some sul)stances, different series of measurements 
have been performed; first with rather provisional ap- 
paratus in rather . small ranges of frequencies and later 
with improved methods and at other frequencies. In these 
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researches we have a sort of successive approximation 
to reality and sometimes conclusions made in the early 
stages of research had to be modified considerably. One 
of these substances is chromium potassium alum and even 
now its behaviour in paramagnetic relaxation is not quite 
clear. After a preliminary investigation by Dijkstra and 
Groendijk^, Dijkstra and Van Paemel^ came to the con- 
clusion that p' in a zero field was 0.0019*10-® sec, then 
increased with He up to 400 0 where p' reached a maximum 
of about 0.006*10-® and then decreased again. Theoretically, 
this pronounced increase of p' was difficult to understand 
and therefore Volger® performed new measurements at a 
much higher frequency. At the original relatively low 
frequencies (up to about lCf*10® Hz) the term with p' in 
(51) is merely a correction to that with p. But at this 
higher frequency (78.5*10® Hz) the term with p' is pre- 
ponderant as it has increased in proportion to whereas 
the other term has become constant as soon as pv » 1. 
Figure 22 gives the absorption in chromium alum at OO'^K 
in a parallel as well as in a perpendicular field. The 
results in the perpendicular field were used to correct 
for dielectric loss (cf. c and Ch. II, § 2). The dotted 
curve was calculated with Dijestra and Van Paemel^s 
values of p and assuming p' to be independent of the 
parallel field He- It is true that the experimental points 
lie somewhat above the theoretical curve ' at the lowest 
fields, but the difference is of the order of 20% rather 
than of 200%, so that the earlier interpretation of the 
results was not correct. But it is not easy to shift p and 
h/C in such a way that Dijkstra and Van Paemel's results 
are described by (51) with an approximately constant p'. 
An explanation of this discrepancy has not yet been found. 

1 C. J. Gorter, L. J. Bijkbtra, and H. Groenduk, Fhysioa, 7 
(1940) 625. 

2 L. J. Dijestra, C. J. Gorter, and O. Van Paemel, Fhysica, 
9 (1942) 673. 

3 J. VoijGER, Thesis f Leyden, 1046. 
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It may be that we have to deal with a spurious effect such 
as was also detected in Mn(NH 4 ) 2 (S 04 ) 2 . 6 HgO. 

It is possible to describe the results for Mn(NH 4 ) 2 (S 04 ) 2 . 
6 HgO at frequencies under 3-10®Hz by (51) in a satis- 
factory wayh though h/C is found to be decidedly lower 
than was found in the researches on the dispersion (comp. 
§ 2). But at frequencies between 3*10® and 11-10® Hz the 
value of A was not quite constant in high fields {F ^ 1) 



Fig. 22 

Paramagnetic absorption in CrK ( 804)2 • 12 H.O at 90 °K at 78.5 . 106 Hz 
in a parallel (X) and in a perpendicular (Q) fie-ld. The dotted curve 
is drawn under the supposition that p’ is independent of the parallel 
field and that the drawn line gives the dielectric loss. 

as it should be according to (51), but it increased slowly. 
The corresponding increase of x" is merely of the order 
of 0.01 X xo and the effect has provisionally to be con- 
sidered as a relatively small spurious one. 

We cannot discuss all the results in detail, but only state 
that the values of h/C are always the same as found from 
the investigations of the dispersion (apart from the man- 


J. VoiiGER, ThesiSy Leyden, 1946. 
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ganese ammoniuni sulphate), whereas the p-values, though 
always of the same order of magnitude in the two ways 
of research, are usually somewhat different (especially in 
weak constant fields). 

p' is only found from absorption measurements. In 
general we may put p* = p\y{Hc)- In all experiments 
p' (1 — F)=p\(l — F) y {He) vanishes in strong fields 
when He » b/C, but it is often not very clear whether it 
vanishes more rapidly than 1 — F^. It was mentioned that 
from the results on chromium alum at the highest fre- 
quency y seems to be somewhat larger than 1 in 200 0 and 
400 0 . On the other hand y seems to decrease by nearly 0.5 
in iron ammonium alum in a field of 600 0 . Usually y 
remains approximately 1 for values of He up to about 
(6/C)i, and it is difficult to say anything at all about 
its magnitude in much higher fields. 

c. In a perpendicular field Ha- 

Already in the very first investigation of paramagnetic 
relaxation it was found that the absorption existing in the 
absence of a magnetic field may decrease when a perpen- 
dicular magnetic field is applied. Later it was found that 
this result is quite general and that in a very strong field 
the absorption — in accordance with the theory (comp. 
Ch. IV, § 3) — even vanishes altogether. Often the ab- 
sorption in a perpendicular field is proportional to the 
square of the frequency and then we may put 

A •— x"v = p' = Po S {Hd) 52 

where 8{Hd) is a function of Hd, which is analogous to 
y{He) of h. As has been mentioned already a few times, 
it has become usual to choose the correction applied for 
dielectric losses in such a way that p' = 0 for very large 
values of Hd. Sometimes the experimental fields are not 
strong enough for extrapolation. Then not only the 8 -curve 

1 J. Voi>GER, Thesis f Leiden, 1946. 
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will be uncertain, but also Po' (called p' in (51) ) will con- 
tain an unknown constant term. 

It must be noted that the accuracy of the 8 -curves is 
not very high. On the contrary, the margin of uncertainty 
is as a rule at least 0.1. Within this margin the S-values 
are identical at 77°K and at 90°K. A very difficult sub- 
stance is iron ammonium alum. The 8 -curve begins rather 
steeply but it has a very long tail so that the extrapolation 
to very high fields is rather uncertain. If this is done 
as well as possible, the correction for dielectric losses is 
approximately equal to the development of heat found in 
diamagnetic samples at 77°K. But at 90°K this correction 
becomes more than twice as large, so that we come to the 
conclusion that at 90° K there exists a considerable ab- 
sorption of an unknown nature in iron alum. This anomal- 
ous absorption which had already been discovered earlier 
at lower frequencies may have to do with the transition 
point which, according to Guillien^, the alums possess at 
these temperatures (cf. Ch. V). 

The 8-curve at 90°K in CUSO4 . 5 H2O has a different 
shape at the highest frequency (78.5*10® Hz) in comparison 
with that found at lower frequencies (6*10® — 20*10® Hz). 
This anomaly certainly has to do with the mentioned de- 
pendence of Po' on the frequency in this substance. 

Fig. 23 gives a few S-curves^ derived from measurements 
at 78.5*10® Hz. 


1 B. Guillien, C. B., 209 (1939) 21. 

2 J. VOLGER, Thesis, Leyden, 1946. 
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Fig. 23 

p-curves for a number of salts measured at 78.5 . lO^ Hz. The dotted 
curve for CUSO 4 . 5 HoO boars upon lower frequencies. 


§ 4. RESULTS OF THE ME/XSURIIMENTS AT LIQUID HELIUM 
TEMPEKATURES BY A BRIDGE METHOD 

The number of observations by the bridge method is not very 
large. In the earlier investigations the validity was ^assumed 
of the formulae following from Casbiir and Du Prc 's theory 
(cf. Ch. IV, § 2) ' and from a series of measurements of y' 
at two or three frequencies a value of b/C and a rough 
value of p were obtained. The frequencies were usually 
not very different and this procedure was only possilale 
because the accuracy of the measurements appeared to be 
high (a few promille). In later researches the scale of 
frequencies was extended and x' and measured simul- 
taneously. The results were plotted in the diagram of 
Fig. 4 (Ch. I, § 5) and lead to reliable values for b/C 
and p. There appears to be some difference in the b/C- 

• In the case of paramagnetic saturation is a function of 
and the expression for F is somewhat different from (47)^ (comp. 
Ch. IV (65a) ). 
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values obtained from different samples of the same sub- 
stance and fairly large differences in p. 

The substances investigated were: Gd 2 (S 04 ) 3 . 8 HgO, 
FeNH4(SO4)2.12H20, CrK(S04)2 . 12 H^O, CuK2(S04)2. 
6 HgO and an alum in which the chromium had been 
diluted with aluminium ions. Negative results were obtain- 
ed with TiCs(S 0 j 2 . 12 H 20 and Fe(NH 4 ) 2 (S 04 ) 2 . 6 H^O. 

As an example we reproduce the results by Casbur, Bijl 
and Du Pne^ at 2.04'°K at the iTc- values 456 0 and 1572 0 
in the x" — ^x'“diagram of Figure 4. A circle is drawn 



Results of simultaneous measurements of % and x"' ot 
CtK(SO 4)2.12H20 at 2.04° and == 456 and 1572 0 
with various frequencies 


through the observed points. From the value of tg xj/ at 
the frequency v a value of p={tgip)/v may he derived 
from each point. In our examples the result is given in 
Table XVII. 

1 H. B. G. CAiSiMiR, O. BiJii, and F. K. Du Pr6, Physica, 8 
(1941) 449. 
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TABLE XVII 

VALUES OF p DEIRIVED FiBOM FIGURE 24 


V 

P45e- 10* 

Pi5T2’ 10* 

25.0 



27.4 

37.5 

15.2 

27.5 

64.0 

14.8 

27.0 

85.3 

15.4 

27.6 

102.4 

14.6 

27.5 

170.7 

15.2 

27.6 

256.0 

13.0 

35.7 


Table XVII shows that, apart from the results at the 
highest frequency, for which the accuracy of tg ^ is not 
very high, the agreement with the theoretical formulae is 
satisfactory. It must, however, be noticed that the statical 
susceptibilities were found to be a few percent higher 
than corresponds to the circles in Figure 24. The authors 
suggest that a ferromagnetic impurity or a slight mechanic- 
al vibration of the coil(?) is responsible for this latter 
discrepancy. 

We shall, now, give a short summary of the various 
results. 

Gd^iSOJ^ , 8 H 2 O, Only x' has been measured up to 
1820 0 and the results have a provisional character^, p is 
little dependent on He- See Table XVIII. 


TABLE XVIII 

RBBULTS FOB G^ (SO,) 3 . 8 H,0. 
6/(7= 3.0.106 02 . 


T j 

p • 10 * 

4.24 

24 

3.52 1 

38 

3.00 

50 

1 


1 W. J. De Haas and F. K. Du Pae, Physioa, 6 (1939) 705. 
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FeNH^(SOj 2 • 1^ H 2 O. Only / has been measured and 
the results have a provisional character, p increases slowly 
as a function of He; the approximate result at 1350 0 is 
given in Table XIX. 


TABLE XIX 
h/C ^ 0.24 . 106 02 

RESULTS FOR FeNlH4(S04)2 . 12 ILO. 


T 

p • 10» 

4.22 

16 

3.49 

22 


Du Pne has the impression that the purer the samples 
the lower b/C and the higher p. 

CrK(SOj 2 • 12 H 2 O. This substance is best investigated 
at 2.04°K. We have already mentioned a few results. 
Table XX gives the resulting values^. It may be men- 
tioned, however, that in an earlier investigation Du Pae* 
found p = 44*lCH sec at 3.50°K and p — 113*10-^ sec at 
2.01^K in He = 1350 0 . His result at 2.01°K differs 
by a factor 4 or 5 from the later results at 2.04°K 
(cf. Table XX). 

(Cr-Al)K(SO^)2 • 12H2O (1^13). From a quantitative 
point of view the results on ‘‘diluted'’ paramagnetic sub- 
stances are seldom very satisfactory but qualitatively they 
are, like those obtained on the absorption and dispersion 
of such salts, (comp. § 2 and^ § 3) highly interesting. In 

1 F. K. Du Pr4, Physica, 7 (1040) 79. 

2 H. B. G. Cabimir, D. Bul and F. K. Du Pr6, Phy^ioa^ 8 
(1941) 449. 
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TABLE XX 

RESULTS FOB CrK(S04)2 . 12 H,0 AT 2.04°K 
&/C = 0.80.106 02 



p * 10* 

456 

15 

775 

175 

1141 

21* 

1572 

27* 

2257 

35 


the diagram^ the points lie fairly well on circles. The 
p- value varied very little between 900 and 2300 0 at the 
highest temperature (4.04^K) ; it was about 55*10-^ sec. 
At lower temperatures, however, a strong dependence on 
He appeared which, in contrast with the other substances 
investigated, consisted in a decrease of p with increasing He- 
At 1.21^K the result was: p = 750-10“® sec at 905 0 and 
p = 320*10-^ sec at 2290 0 . These conclusions from the 
results seem to be very uncertain as pv was always larger 
than 20 at this temperature. A further anomaly is that 
the F‘Ya\ues do not satisfy Casimir and Du Pro’s equation 


F = 


CHc^ 
b + CHc^ 


47 


At low fields the results are in agreement with hlC = 
0.9*10® 0 ^, but at 1.74°K the F-value at 1575 0 is about 
0.84, whereas the computed value is 0.74. A similar, and 
strangely enough, even more pronounced effect seems to 
exist at 2.04°K but it is absent at 2.53°K. 


CuK(SOJ 2 • ^ 20 - Bul’s measurements^ on this sub- 

stance were confined to two frequencies, namely 128 and 
170.7 Hz. On the assumption that the experimental points 

1 D. Bul, Fhysioa, 8 (19^41) 495. 

2 D. Bijn, Fh/ysioa, 8 (1941) 461. 

6 
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lie again on a circle in the x” — possible 
to derive values for p and F. p increases considerably with 
increasing He- At 1.7°K it increases from about 30’l(h^ 
to about 170-1(H sec and at 3.0°K from about 121(H to 
about 60-l(H sec while He increases from 119 0 till 2313 0 . 
The b/C-values derived from F appear to depend on the 
temperature; they increase from about O.IO-IO® 0 ^ at 1.7°K 
to about O.13-1O«0’® at 3.0°K. 



IV. THEORY 

§ 1. THE PROCESS OF MAONETIZINO 

As a starting point for the theory of normal paramagne- 
tism two different points of view can be chosen. 

The first one, which was accepted in the introductory 
section Ch. I, § 1, considers the individual magnetic ion, 
its various states and the matrix of its magnetic moment. 
The statistical behaviour of a system of identical ions can 
be considered in a microcanonical ensemble and some of 
the results to which this treatment leads, characterized 
by a Boltzmann distribution over the different states, 
have been summarized in that section. 

We may remind the reader of a few essential points 
and add a few remarks about these results. A diagonal 
term Mnn in the magnetic moment of the ion indicates 
the existence of a magnetic moment in the state under 
consideration from which a close parallelism to the 
permanent magnetic moments of Langevin^s classical 
theory of paramagnetism results. The energy of the state 
varies by — MnvAH in an extra field AH and, owing 
to Boltzmann’s factor, a change in the distribution over 
the various levels and consequently of the average mag- 
netic moment occurs^. It is worth while to point out that 
this change of distribution requires some kind , of inter- 
action with either the electromagnetic field of radiation 
or with the surrounding atoms and ions. The interaction 
with the radiation field is, however, so weak that it is 
never of any importance. Small amounts of energy are 
given off to (or taken from) the surrounding atoms and 

1 In Ch. I, $ l a slightly different notation was used. In this 
Chapter we use instead of M (nn/). 
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ions or the lattice as a whole. In this picture the heat 
of magnetisation (or the cold produced in demagnetisation) 
is simply the sum of these small amounts of energy. 

The non-diagonal elements of the magnetic moment give 
rise to polarisability of the ion in the states concerned. 
The contribution to the polarisability, due to the element 
between two states, is positive for the lower state and 
negative for the higher one (comp. Ch. I (4) ) and, owing 
to Boltziviakn ^s factor, the positive contribution prepon- 
derates. It is worth while to point out that, though the 
sum 2 2 I Mnn> 1^ is invariant with respect to small perturb- 

n n' 

ations (comp. Ch. I, § 1), the values of the individual terms 
will not be invariant at all. In general they will be 
functions of II, If, in particular, we have a non-diagonal 
element Mn^, a magnetic moment \Mnni |^Aff/(W'n/ — Wn) 
will arise in the state n upon an increase of H by 
so that Mnn will increase by the same amount if we com- 
pare its value at -ff + A/T with that at H, 

According the second point of view, first proposed by 
Casimir and Du Pae^ and later worked out by Broer^, the 
system of all ionic moments — often called the spin 
system — is considered to be one entity which, in a first 
approximation, is isolated from the crystalline lattice. The 
statistical treatment now requires ensembles which can be 
called canonical. It is appropriate to ascribe a temper- 
ature — the so-called spin temperature Tg — to the 
system and in the static case a BoLT 2 :MA]srN distribution 
will, on the average, exist over the enormously large 
number of states of the system. This time we have to 
consider diagonal and non-diagonal terms of the magnetic 
moment of the whole system, and the formulae (1) — (4) 
Of Ch. I are applicable in this new sense. Again, both 
sorts of terms contribute to the variation of the average 
total magnetic moment if the field is varied. 


1 H. B. G. Casimir and F. K. Du PRd, Physica, 5 (1938) 507. 

2 L. J. F. Broer, Physica^ 10 (1943) 801. 
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If, now, the field is varied quickly (non-adiabatically in 
Ehrenfest^s sense) there is a certain probability that the 
system will make a transition to a different state. Let 
us consider a variation which is periodical with frequency v 
and suppose the system to be in the state h. The probability 
of finding the system after a certain number of cycles 
in the state &, the energy of which is kv larger, will be 
proportional to | Mhk\^ where M}{fc is the non-diagonal element 
of the magnetic moment of the system. In this way energy 
is continuously transferred from the high frequency mag- 
netic field to the spin system and we are used to speak 
in this case of spin absorption and, together with the 
corresponding dispersion, of spin relaxation. Here we 
have to add two remarks. In the first place, we have 
to deal as well with Einistein’s stimulated emission as with 
absorption, the difference giving • the net absorption. In 
the second place energy will in this way be stored up in 
the spin system and its spin temperature will rise if it 
is not carried off by some interaction with the surround- 
ings. It appears, however, that we need not worry about 
this point as even a very weak interaction is sufficient to 
provide for this, so that the rise of spin temperature is 
always negligible (compare with the case of nuclear spins 
Ch. V, § 4). 

The diagonal elements of the magnetic moment of the 
system give rise to a displacement — MmAH of every level h. 
If we suppose no transitions to occur, the pre-existing 
Boltzmann distribution will thereby be disturbed. Strictly 
speaking, there will then be no such thing as a new spin 
temperature, but Broer has shown that it is all the same 
possible to define an effective spin temperature. The 
differences between any property of the system and the 
property calculated with the aid of the effective spin 
temperature will remain of the order of the statistical 
fluctuations. 

Accepting for a short moment our first point of view, 
it is easy to see that in very large magnetic fields the 
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spin temperature Ts will be proportional to H. For, if 
the occupation of the energy levels, and therefore also 
the BoLTZMANN-factors exp — (AW/kTs) remain unaltered, 
Ts has, just as AW, to be proportional to H. 

In Ch. I, § 2 a thermodynamical reasoning already gave 
us the value of the rise of the spin temperature. For the 
case of a normal paramagnetic substance we found in 
(19) and (23): 

(dT \ ___ Ch-Cm __ CH^ .o 

\dH Js'^ \dH )m Ch ^ H h CH^ 

and the solution of this equation is 

T = y{b + CH^)i, 54 

where y is determined by the original values of T {Ts) 
and H, We see that, if is large compared with 6/0, 
T will, of course, be proportional to whereas, if IP is 
small in comparison with 6/0, a change in H will hardly 
produce any change at all in T. 

The rise of Ts with increasing H will, in view of Gurievs 
law, lead to a decreased susceptibility, if the variation and 
observation occur so quickly that no energy transfer to 
the crystalline lattice can take place. If we consider a 
periodical variation of H, however, the so-called lattice 
relaxation will occur, when this transfer of energy becomes 
of importance. 

If both non-diagonal and diagonal elements of the total 
magnetic moment occur, we shall have both spin relaxation 
and lattice relaxation and the contributions of these two 
to x' and x" ii^ay simply be added (cf. Ch. Ill (51) ). 

The second point of view mentioned in this section has 
certain advantages when we wish to treat the spin ab- 
sorption. This point of view has, therefore, been accepted 
in § 3. In dealing with this spin absorption, one can very 
well start also from the first point of view. In that case 
the effect is considered on one single ion of the various 



§2 


THEORY OF LATTICE RELAXATION 


87 


and varying magnetic fields due to the presence of the 
other magnetic ions, but in the application of this treat- 
ment one has to be very careful, as is demonstrated by 
EjeoNio and Boitvvkamp^ ^s theory on the influence of a 
constant magnetic field on the spin absorption, which later 
on proved to be incorrect. 

In the treatment of the interaction between the magnetic 
ions and the crystalline lattice, a mixture of the two views 
seems advantageous. The second view with its notion of 
the spin temperature is generally accepted, but in order 
to evaluate the transfer of energy between spin system 
and crystalline lattice, one starts from the ( interaction 
between the lattice and a single ion. This problem, leading 
to the so-called lattice absorption and lattice dispersion, 
will be treated in the next section. 


§ 2. THE THEORY OF LATTICE RELAXATION 

Casimir and Du Prc^, who first noticed the importance of 
a spin temperature for the phenomena of paramagnetic 
relaxation, , gave formula (22) for the adiabatic suscepti- 
bility. Later, Debue introduced the more general formula 
(18). At relatively low frequencies x' will be equal to 
the static susceptibility XoJ very high frequencies it will 
be equal to xad- In these extreme cases will be zero. 
In the transition region x' will depend on the frequency 
(dispersion), while x" niay reach values of the order of Xo* 
Assuming the transfer of energy between spin system and 
lattice to be proportional to the difference AT between 
spin temperature and the constant lattice temperature, a 
very simple expression for the susceptibility in the tran- 
sition region may be obtained. 

Formula (17) leads on these assumptions to 

1 R. Kbonig and C. J. Botjwkamp, Physioa, 5 (1938) 521. 

2 H. B. G. Casimir and F. K. Du PHe, Physioa, 5 (1938) 507. 

P. Debue, Phys. Z., 39 (1038) 616. 
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-.ATi( = C.(f|-)„Alf + C.(|^)^A^ 55 

where a is the coefficient of thermal contact between spin 
system and lattice. 

On the other hand we have 

and elimination of AT yields 

{C„ + adt)[^)^AM+ {C>, + adt) (||.)^^Air = 0 57 
Putting 

All = exp 2tt j vt 58 

AM = Mo exp 2tt j vt 59 

(cl (27a) and (28a), we get 

^ 2Tr j V Cm + cc ( d M \ 

Bo~ 2-rrjvCH + oc[dH )r ” 


We can also split x in its real and imaginary components 
x' 'and x" and, as Xo~ , 




61 


„ Xo^P>' 

62 

with^ 

P C.-Cu 
c„ 

63 

and 

2t:C„ 

P- a • 

64 


The result is therefore a simple Debije curve for x"? the 
maximum of which is equal to Xo^/2, and a Debije curve plus 

1 The numerical parameter F must not be confounded with the 
free energy F in (24). 
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a constant term for the high frequency susceptibility x'* At 
very high frequencies we get x' = Xo(l — F) =Xo^MJCHy 
the adiabatic susceptibility according to (18). 

In the case of a normal paramagnetic substance we may 
put, according to (21),^ 


P = 


cm 

b + cm 
2 ir ( 6 + cm) 

aT^ 


65 

66 


It is now worth while to remark that the formulae (61) 
and (62) are identical with the formulae (46) and (51) 
(limiting case for low frequencies). Also (65) is identical 
with (47) where, of course, H has been called He. In Ch. Ill 
the conclusion was reached that these formulae give a satis- 
factory description of the experimental results at not too 
high frequencies. 

A further analysis of the interaction between spin system 
and crystalline lattice is required in order to evaluate the 
coefficient of thermal contact a. We shall first show that, 
if this interaction causes the occurrence of a certain number 
of spontaneous transitions between the different energy 
levels of the spin system, it is possible to calculate a and 
therefore also p from the probabilities of those transitions. 

Let us therefore suppose this transition probability from 
a level h to sl level k to be According to the prin- 
ciple of detailed balancing we shall have 

— = 0 67 

where the numbers Nn and Nh of the ions in the different 
states must obey lai Boltzmann distribution. Hence 

Wn—Wj, 

Am = Ahk exp — 

1 If we have to deal with very low temperatures and large constant 
fields so that paramagnetic saturation is of importance, the expression 
for F is somewhat different. In the case that M == f(E/T) we get 
F = f'E 2 /{b + fm2) (65a) 
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. W^-Wh 


69 


Now we assume that the temperature of this Boltzmann 
distribution is = T *f Af and we wish to find the sur- 
plus of the processes going from h to k. In stead of (67) 
we then get 


NnA. 


h ^hJc - 




k^kh ■ 


: Nkk.A}^ 


- exp — ^ 


i /F.-F.W 

1 1 _ \ 

r ^ 1 2 k j 1 

, r T + ) 


^ A j 7Q 

, 2k }\T 

T + ^T)\ ^ 


Supposing I — Wjc\ << kT and developing the ex- 
ponentials, and noticing that the total energy (heat) trans- 
mitted to the lattice is found by multiplying the surplus 
number by the energy difference Wn — Wic and summing 
up over all values of h and k we get 

^ 71 

so that 

a = 72 

As we can put (compare (20) ) 

and as Nhk= (A^ -f Njc)/2 is independent of the choice of 
h and fc, we can write for (64) 

27rXX {WH-W,r 

__ h If 

h k 

Before discussing this formula we will first make a few 
remarks about the nature of the transition probabilities Am. 
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Waller^ pointed out already that the exchange of 
energy between the magnetic ions and the lattice will take 
place in two essentially different ways. In the first way 
a lattice vibration quantum is absorbed or emitted by the 
ions. In the second way, a vibration quantum is scatter- 
ed non-elastically by the ions. These latter processes are 
a sort of Raman processes in which the light waves are 
replaced by lattice waves and the molecular energy levels 
by ionic energy levels. At first sight one would expect 
the former processes to be the more frequent ones as they 
are processes of the first order in contrast with the 
Raman ^'-processes. But on the other hand all lattice 
waves can cause a certain transition by ^'RAMAN-effect’\ 
whereas the first order process requires a lattice wave of 
the right hv . The number of RAMAN-processes rises steeply 
with the temperature. According to Fierz and ICronig^ 
it is proportional to for T » ^ and to for T « 

where 0 is Debije’s characteristic temperature of the 
lattice. The intensity of the lattice waves of low frequency 
which give rise to the first order process of absorption, is 
only proportional to T and this also applies to the number 
of emission processes. At very low temperatures, therefore, 
(those obtainable with liquid helium) the first order pro- 
cesses will preponderate but at higher temperatures (and 
certainly at liquid air temperatures) the Ram an -processes 
will be the more frequent ones. 

We shall now proceed to a qualitative discussion of (74). 
We observe that in the denominator the transition prob- 
abilities A are weighed in proportion to the square of the 
energy differences (W* — Wjc) so that chiefly transitions 
between levels with a relatively large difference are of 
importance. We may expect the transition probabilities 
between such levels to be only slightly influenced by a 
constant field He, so long as the shift it produces is small 

1 I. Waller, Z . Fhys ., 79 (1932) 370. 

2 M. Fierz, Physioa , 5 (1938) 433. 

R. Kronig, Physioa , 6 (1939) 33. 



92 


THEORY 


IV 


compared with the original energy difference. This leads 
us to expect a constant value of p so long as Hc ^ « 6/ C, 
If, now, we consider very large fields Hc ^ » 6/C, all energy 
differences of importance will be proportional to He- As 
far as the Raman ’’-processes are concerned the A’s will 
now be independent of the exact value of JTc, so that p 
will tend to another constant value and, when the A’s 
transform themselves in a way which is independent of 
the temperature, the ratio between the p’s in very small 
and very large fields will also be independent of the tem- 
perature. But, when the first order processes predomin- 
ate, the A’s will not at all be independent of Hc\ they 
will on the contrary be proportional to the square of the 
energy differences. At very low temperatures, therefore, 
where those processes are predominant, p should become 
inversely proportional to Hc^, 

As already mentioned in § 1, the consideration of the 
interaction between the lattice and one individual ion is 
the basis of the evaluations of the A’s and of p. This 
involves the supposition that only transitions in the spin 
system are of importance that can be specified as a trans- 
ition of one individual ion between its own levels. As a 
matter of fact, Temperley^ has suggested that the inter- 
action between the ions might introduce transitions in 
which more than one ion are concerned. As the number 
of these transitions would decrease soon with increasing 
He this mechanism might for very low temperatures lead 
to a limited increase of p as a function of He before the 
decrease in proportion to Hc'~^ sets in. Van Vleck doubts 
however whether such transitions can play a role of any 
significance^. 

It was soon noticed that transitions induced by the 
variations of the internal magnetic field associated with 
the heat motion of the lattice are not numerous enough 

1 H. N. V. Tempekley, Froo, Cambr. PML Soc.^ 35 (lOSS) 256. 

2 J. H. Van Vlbck^ Le Magnetisme, Strassbourg, 1939. 
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to account for the p’s found in the temperature regions 
of liquid air or liquid helium. Kronig has pointed out 
that spin magnetism is always to a certain extent com- 
bined with a remains of orbital magnetism and that this 
is influenced by the electric fields associated with the 
heat motion of the lattice. Kronig' arrived at the right 
order of magnitude in a very rough evaluation. Van 
Vleck^, independently, investigated the same problem 
much more in detail. He considered a specific model, 
analysing on the one hand the normal modes of vibration 
of a X . 6 HgO-cluster, where X indicates the magnetic 
ion and the interaction between the magnetic moment of 
that ion and the normal vibrations of the cluster, while 
on the other hand the normal coordinates are expanded 
in terms of Debije elastic waves. He considers the two 
specific cases of titanium alum (with S = ^; L = 2) and 
of chromium alum (with S = f; L — 3). 

In the case of the titanium alum a field of cubic sym- 
metry does not remove the orbital degeneracy (cf. Fig. 2). 
This requires a field of lower symmetry and the corres- 
ponding splitting A is relatively small, though larger than 
kT at room temperature. Van Vleck evaluates its order 
of magnitude at 10^ cm-^. At the temperatures of liquid 
air, where the Raman ’’-processes preponderate, a will be 
proportional to A^/A®, where A (cf. Ch. I, § 4) charac- 
terizes the spin-orbit coupling. At very low temperatures, 
where the first order processes dominate, a will be pro- 
portional to A^/A^. 

In the case of chromium alum the orbital degeneracy of 
the basic level is completely removed by a cubic field, so 
that merely the fourfold spin degeneracy remains. Fields 
of lower than cubic symmetry are required to split the 
fourfold basic level in two double levels, they will also 
decompose the higher levels, which are left degenerate by 

1 R. Kronig, Physica, 6 (lOSO-) 33. 

2 J. H. Van Vleck, Phys. Eev., 57 (1940) 426. 
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the cubic field. It appears that the lowest orders in the 
perturbation calculations do not give an appreciable con- 
tribution to a, so that higher orders come into account 
and the calculations are apt to become rather complicated 
and speculative. This time a turns out to be proportional 
to a high inverse power of the cubic term in the crystal- 
line field, but it is not strongly dependent upon fields 
of lower symmetry. 

For both substances at liquid air temperatures the de- 
pendence of p on the constant field He should be given by 


b + GHc^ 
P — -hpCHc^ 


48 


where p should be independent of T, in agreement with 
the qualitative expectation given earlier in this section. 
p should be about 0.5 for both substances; in the case of 
iron ammonium alum p should be between 0.22 and 0.6. 
At very low temperatures p should decrease with increas- 
ing field and, in agreement with the qualitative expectation, 
be inversely proportional to JT/ in large fields. 

It may be remembered here that, though (48) approxim- 
ately represents the experimental values, the values of p 
do not agree with the expectations for the alums, while 
the experimental results at very low temperatures are 
widely at variance with Van Vleck's theoretical ex- 
pectation. This latter discrepancy has brought him to a 
far-reaching theoretical investigation of abnormal conditions 
among the lattice vibrations, which have not yet led to 
definitive results^ and upon which we shall not dwell here. 


§ 3. THE THEORY OF SPIN RELAXATION 

The theory of spin relaxation was founded by Waller^ 
and was extended by Broer^. As Broer’s treatment is 

1 J. H. Van Yueck, Phys. Eev., 59 (1941) 724 and 730. 

2 I. Waller, Z. Phys., 79 (1932) 370. 

3 L. J. F. Beoer, Pfuysioa, 10 (1943) 801. 
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more transparent and goes more into detail, we will follow 
his line of thought. The starting point is the “second 
view’’ of § 1 in which a canonical ensemble containing 
all possible states of the whole spin system is considered 
and in which the diagonal elements and non-diagonal 
elements of the magnetic moment of this system are placed 
in contrast. The diagonal elements lead to changes of the 
spin temperature and to lattice relaxation, as was dis- 
cussed in § 2, while the non-diagonal elements lead to 
absorption of energy by the spin system (spin absorption). 
If the frequency of the oscillating magnetic field is v, 
we have to deal with processes of absorption and stimul- 
ated emission. The surplus number of absorption processes 
will therefore be proportional to hv/kT and the surplus 
absorption itself with {hv)^/kT. Further, the absorption 
will be proportional to the average square of the non- 
diagonal magnetic moment with frequency difference v. 
When V is varied the absorption will vary continuously 
and the distribution function of the square of the non- 
diagonal magnetic moment over the frequency will be 
essential. We will call this distribution function /(v). 

We then have 


A 


see — 


vV(v) 

kT 


75 


and correspondingly (cf. (31) ) 


„ 7rv/(v) 

^ ~ 2kT 


76 


This distribution function /(v) has been normalized in 
such a way that 

00 

J f(v)dv = XadkT 77 

0 


which means that the Kramers-Kroniq relation (32) is ful- 
filled for x'(<>) — x'(^ ) =Xad- 
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The problem is now reduced, therefore, to the determin- 
ation of /(v). Broer has proposed two methods in order 
to obtain some idea about the course of f{v) in a few 
special cases. The first method is that of the invariant 
diagonal sums which in principle allows to calculate the 
integrals 


J /(v)<Zv, J /(v) dvf etc. 

0 0 

The corresponding integrals with higher powers of v 
usually lead to very complicated calculations. The second 
method is a perturbation method in which we start from 
the (sharp) energy levels existing in the absence of all 
interaction and then introduce the magnetic interaction as 
a perturbation. Strictly speaking such a perturbation 
method is not correct, as the perturbation energy increases 
beyond all limits when the number of ions in the system 
increases, so that it becomes very much larger than the 
energy differences between the unperturbed levels. Stres- 
sing the fact that only perturbations of the order of l3Hi 
(cf. Ch. I, § 1 and § 3) are of importance, Broer has made 
it pk'Usible that, all the same, this method leads to accept- 
able results so long as Hc»Hi, 

Broer treats the following cases: 

a. No electric splittings (single spin; Ti+ ++, Cu++). 

h. Electric splittings removing all degeneracy (even 
number of electrons; Pe Ni++). 

c. Electric splittings which leave the Kramers degener- 
acy (odd number of electrons; Cr +++, Mn++, Fe+++, 
Gd+++ ) 

and we shall summarize his results for /(v) in the absence 
of a magnetic field (a), in a parallel magnetic field He (c), 
and in perpendicular field Hd (d). 
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a, a: No electric splittings, no magnetic field. The in- 
variance of diagonal sum yields 

00 

f f{v)dv = I N-r S{S + 1) = Xo kT, 78 

b 

jf{v)vHv = iNfi^S {8 + l)^^^=Xo*rvoS 79 

0 

where S is the spin quantum number of the ions, while 
Hi^ = 8 J3^ S (8 + 1) 2 Tpq-^ is the internal magnetic 

Q 

field introduced in Ch. I, § 3 (25) and 

hvo = 2fi Hi, 80 

The Landc splitting factor g has been taken to be 2. 
We see from (78) and (79) that /(v) becomes very small 
so soon as v » Vq. A Debije curve (/(0)/(l + p^v^) ) will 
not do for /(v), because (79) would diverge. Tentatively, 
Broer proposes a GAUSS-curve 

/( V) = exp - (vV2 V/) . 81 

Vo K T 

This expression satisfies (78) and (79). It gives 

Xo^ I/tt 

x" = — yTk ■“ ’"o'") ^ 

VoK 2 

and, identifying this expression for low values of v 
with (50), 



The result is essentially the same as that obtained earlier 
by Waller. We must not forget, however, that the numer- 
ical factors (V 7r/2 etc) are due to the special assumption 
of a GAuss-curve for the shape of /(v). 


7 
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a, c: N6 electric splittings, a parallel magnetic field. 
We then have 



CHc^ 


Hi^xo fer 

2Hc^ 


84 


jf{v)vHv=^Xo^Tv,\ 85 

0 

Whereas the area under the /(v)-eurve vanishes, therefore, 
in proportion to the area under the v2/(v)-curve 

(which, in view of (75), is proportional to Agee) remains 
constant. As a matter of fact 


f f{v)v^dv 
ff(v)dv 


2HcX^ _ 


86 


so that the average value of v^. increases in proportion 
to Hc\ 

The method of the invariant diagonal sums does not give 
more particulars about the shape of the /(v) -curve, but a 
perturbation calculation, as mentioned before, can help in 
that respect for very large fields. If we neglect interaction 
between the ions we have a very large number of discrete 
equidistant highly degenerate levels with distances 2 p He- 
The magnetic moment in the direction of He has only 
diagonal elements, but upon introducing magnetic inter- 
action as a perturbation, non-diagonal elements arise be- 
tween some of the levels with mutual distances 0, 2 p He 
and 4 p He* In this way we get three absorption regions : 
at low frequencies, around 2 p He/h and around 4 p He/h. 
Each region has a half width of the order of vq. The in- 
tensities (/ f{v)dv) of the peaks at 2 ^ He/h and at 4)0 He/h 
are proportional to {Hi/HeY, their ratio is about 2. The 
intensity of the peak at zero frequency is proportional to 
{Hi/HcY* As the half width of this peak is not dependent 
on He^ the contribution to x" af fhe relatively low fre- 
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quencies, with which we are concerned experimentally, is 
also proportional to As 1 — F is proportional to 

y{Hc) (compare Ch. Ill, § 3) is therefore pro- 
portional to Unfortunately the proportionality coef- 

ficient could not be calculated. 

a, d: No electric splittings, a perpendicular magnetic 
field. 

In this case we have 
00 

j- f(v)div=Xo^T 78 

0 

I f{v)vHv = x„ kT (v/ + ) 79 

u 

Just as in the case of a parallel field, the average 
value of increases therefore in proportion to the square 
of the large constant field, but this time the area; under 
the /(v) -curve is constant. 

Now the magnetic moment, in the absence of interaction, 
has only non-diagonal elements with frequency 2 p HJ}i, 
The perturbation by the interaction broadens this ^^ab- 
sorption line^’ to a half width of about Vo and introduces, 
moreover, absorption regions at zero frequency and at 
^PHdJh, The intensities of these latter peaks are both 
proportional to Again the proportionality constant 

could not be calculated. 

b, a : Electric splittings removing all degeneracy, no 
magnetic field. 

The expression 

00 

\f{v)dv = XokT 78 

0 

is also valid in this case, but we have only non-diagonal 
elements of the total magnetic moment (between levels 



100 


THEORY 


IV 


lying AW apart) and no diagonal elements. The /(v) -curve 
has therefore peaks at the frequencies A W//i, but not at 
zero frequency, so that we have no absorption at low fre- 
quencies so long as Jivq is negligible in comparison with 
AW. In a following approximation we shall have absorp- 
tion, /(O) being of the order of that is 

to say very small in comparison with (81). p' will also 
be approximatively reduced by the electric splitting in the 
ratio {hvjAWy. 

b, c, d: Electric splittings removing all degeneracy, a 
magnetic field. 

In the presence of a magnetic field the absorption will 
in general remain small. But at certain values of the 
magnetic field the energy levels of the individual ion may 
cross each other. We can expect in that case a rapid in- 
crease of the absorption at low frequencies. This effect, 
however, will presumably be anisotropic with respect to 
the crystalline axes, as the ^‘criticar^ value of the constant 
field will be different for different directions. The ab- 
sorption for a powder is for that reason likely to remain 
small. 

c, a: Electric splittings not removing all degeneracy, 
no magnetic field. 

Again (78) is valid, but now we shall have absorption 
peaks at the frequencies AW /h as well as at zero fre- 
quency. The ratios of the intensities of the different peaks 
will be the same as for one single ion, provided Jivq « AW. 
Assuming a certain symmetry character of the electric 
field, it is often possible to calculate the intensities of the 
absorption lines at the various frequencies. These intensi- 
ties are proportional to the squares of the corresponding 
non-diagonal elements of the magnetic moment of the single 
ion. The diagonal as well as the non-diagonal elements 
between degenerate levels (called semi-diagonal by Broer) 
give rise to the peak at zero frequency. The width of this 
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peak is presumably the same as in the absence of the 
electric field. It follows that the absorption ait very low 
frequencies is only decreased because of the non-diagonal 
elements mentioned, so that we get instead of (83) 




22 
n n' 


M„, 


— 2 2 

(n d) 


Mn , 


VoSSl^n, 
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where (n.d.) means that the summation extends only over 
those combinations of ionic levels, that have different 
energies. 


c, c, d: Electric splittings not removing all degeneracy, 
a magnetic field. 

Eegarding this case not much more can be said than that 
the absorption will vanish with very large fields in pro- 
portion to {}ivJ2pHcy or {hvQ/2 p Hd)^- Unfortunately 
this is the case to which nearly all experimental researches 
are related. In intermediate fields the same phenomenon 
may occur as mentioned under 6, c, d and the crossing of 
energy levels may considerably increase the absorption at 
low frequencies. This increase must be very rapid and 
pronounced but it will again be anisotropic and obliterated 
in a powder. 

Fig. 25 is due to Broer^ and shows the curve for /(v) 
and for as a function of v in a few of the cases 

discussed. 


1 L. J. F. Broer, Thesis, Amsterdam, 1945. 
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is admitted. or = 2 ^H^/h ; = 2 (3H^/h ; = j\W/h. 


V. DISCUSSION OF EESULTS 


§ 1. VALUES OF b/C 


Describing the experimental results concerning the dis- 
persion -and on the absorption by (46) and (51) respect- 
ively, we find values of F for a series of parallel fields Hc^ 
The dependence of F on He always satisfies the Casimir- 
Du Pne relation 


F = 


CHc^ 
b + CHc^ 


47 


and the values of b/C thus obtained have been given in 
Ch, III, § 2. The theoretical treatment of Ch. IV, § 2 
yield these same relations for normally paramagnetic sub- 
stances with b = C where Cm is the spectroscopical 
specific heat (comp. Ch. I, § 2) while C is the Curie con- 
stant C = x'^- ^ Curie constant is usually known 
for the substances investigated, the determination of b/C 
is essentially a determination of the specific heat Cm^- 
b/C was generally found to be independent of or at 
any rate only slightly dependent on the temperature. This 
means that in effect Cm appears to be inversely pro- 
portional to T^. Starting from the point of view of 
independent iohs, it was found (comp. Ch. I, (20) ) that 
Cm will be inversely proportional to as long as only 
low frequency levels (with distances « kT to the lowest 
level) are occupied. This result is not altered if we allow 
for interactions with neighbouring ions as long as the 
energetical changes introduced by them are also much 


1 In the case of normal paramagnetic substances in not too strong 
fields, to which our formulae apply, Cj^ is independent of the value 
of M and therefore equal to the sipecific heat in the absence of an 
external field (cf. (21) ). 
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smaller than kT, This is not quite evident in the case 
of magnetic interaction but Van Vleck has shown that 
the same conclusion is valid in that case (comp. Ch. I, § 3). 
The theoretical expectation and the experimental results 
are therefore in perfect agreement in this respect. 

With the exception of Mn(NH 4 ) 2 (S 04 ) 2 . 6 HgO and of 
a few results at liquid helium temperatures h/C was found 
not to vary from sample to sample, which shows that the 
‘^spectroscopicaP^ specific heat is less sensitive to small 
perturbations than the relaxation constants (comp. § 2). 

We shall now proceed to a short discussion of the &/C- 
values found for the various substances and compare them 
with the values derived from investigations of another 
nature. . 

Gd-salts. 

Table XXI gives a list of the experimental values for 
6 d 2 (S 04 ) 8 . 8 HgO. The last two investigations yield only 
6, but as C is known, it was easy to derive the value of i/C, 


TABLE XXI 

&/C-VALUEIS FOB (SO 4 ) 3 . 8 H 3 O. 


Authors 

b/C 

T 

Method 

De Vrijer, Volger and 
Gorteri 

3.9 -lO® 

77; 90; 290 

Absorption 

Broer and Gorter2 

3 . 9 -lO* 

77; 90 

Dispersion 

De Haas and Du Pr63 

3.0- 10* 

4.2; 3.5; 3.0 

Dispersion 

Giauque and Mao Dougall^ 

3.9- 10* 

0.7-3.5 

Adiab. demagn. 

Van Dijk and Auers 

3.8- 10* 

1-4 

Sipec. heat 


1 W. F. De Vkijer^ J. Voioee, and C. J. Gorter, Physioay 11 
(1^6) 412. 

2 L. J. F. Broer and C. J. Gorter, Physioa, 10 (1943) 621. 

3 W. J. De Haas and F. K. Du Pr4, Physioa, 6 (1939) 705. 

* W. F. Giauque and D. P. M. Mac Dougall, J. Am, chem, Soc,, 
57 (1936) 1175. 

5 H. Van Dur and W. U. Auer, Physioa, 9 (1942) 785. 
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De Haas and Du Pae^s value is somewhat low but the 
agreement between the other results is excellent. 

For Gd^CCgOJg.lOHaO and Gd(C2Hs02)8 . 4 H^O was 
found; 5/(7 = 1.8*10® 0 ^ and 8.7*10® 0 ^ respectively, but no 
other measurements have been published concerning these 
salts. 

The spatial arrangement of the Gd-ions in these salts 
is unknown and therefore the contribution of magnetic 
interaction to b cannot be calculated with certainty. Hebb 
and Purcell^ and Van Dijk obtain about 1.1-JO® 0^ for the 
hydrated sulphate but the assumption of a face — or 
body — centered cubic lattice leads to a contribution 15% 
lower. 

Penney and Schlapp- assume in their calculations a cubic 
symmetry around the magnetic ion, presumably due to six 
water dipoles. In such a field the basic level of the Gd-ion 
is split into two double levels and a fourfold level between 
them. The ratio of the distances is 3/5 (the results of 
Hebb and Purcell as well as of Van Dijk and Auer 
suggest that the smaller separation lies lowest). Assuming 
this pattern and applying a correction for magnetic inter- 
action the over-all splitting is calculated to be about 1.0, 
0.60 and 1.7 cm--^ respectively, in the hydrated sulphate, 
the oxalate and the acetate. From their data De Haas 
and Du Pae calculate 0.82 cm-^ in the hydrated sulphate. 

Generally, from a theoretical point of view, not much 
can be said about the absolute value of the splittings. An 
evaluation of the splitting would not only require a know- 
ledge of the crystalline field and of the radial distribution 
of the electrons in the lowest S-state, but also of the 
position and nature of the excited levels of Gd+++. The 
considerable difference in magnitude of the splittings in 
the three salts is somewhat unexpected, as the surroundings 
of the magnetic ions (six oxygens )are probably similar 

1 M. H. Hebb and E. M. Pubceul, J . ohem . Physics , 5 (1937) 338. 

2 W , F. Penney and B. Schlapp, Phys . Pev ., 41 (1932) 194. 
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and as, according to Hebb and Puircell, the splittings in 
Gd(C6H4N02S03)3 . 7 HgO is sensibly the same as in the 
hydrated sulphate. Perhaps this indicates that the higher 
6 /C-values are due to deviations from the cubic symmetry. 

Chromic and Vanadous salts. 

Table XXII gives a list of the experimental values of hJC 
in CrK(S04)2 . 12 HgO. As in the case of the gadolium 
sulphate, results for h obtained from experiments on 
adiabatic demgnetisation have been reduced to fe/C-values. 
It must be remarked that the value obtained from Kurti 
and Simon’s experiments at extremely low temperatures 
has been derived by Hebb and Purcell and that the 


TABLE XXII 

b/C- VALUES FOB CtK(,S04). . 12 H^O 


Authors 

b/C 

T 

Method 

Gorter, Dijkstra, and Van 

0.65 -lO* 

77; 90 

Absorption 

Paemeli 




Broer2 

0.65 -lO* 

77; 90 

Dispersion 

Starr5 

0.64 -lO® 

77 

Dispersion 

Casimir, Bul, and Du Pr6^ 

0.80 -W 

2.0 

Disp. and abs. 

Casimir, De Haas, and De 

0.86 -lO® 

0.06-0.9 

Adiab. demagn. 

Klerks 




Kurti and Simon® 

0.45 •10*' 

0.03-0.15 

Adiab. demagn. 

Bleaneyt^ 

0.69- 10* 


Adiab. demagn. 


1 C. J. OoRTEB, L. J. Dltkistra, and O. Van Paemeu, Physica, 9 
(1942) 673. 

2 L. J. F. Broer, Thesis, Amsterdam, 1945. 

3 C. Starr, Phys. Bev., 60 (1941) 241. 

4 H. B. G. Casimir, D. Bul, and F. K. Du Pr4, Physica, 8 
(1941) 449. 

5 H. B. G. Casimir, W. J. De Haas, and D. de Klerk, Physica, 
6 (1939) 365. 

6 See M. H. Hebb and E. M. Puroell, J. chem. Phys., 5 (1937) 338. 

7 Quoted by J. H. Van Vuexxk, Phys. Bev., 57 (1940) 426. 




§1 


VALUES OF hlC 


107 


agreement between the experimental and their theoretical 
curves is only very moderate. The lack of agreement with 
the other results is therefore not serious. It is peculiar 
that all the Leyden results are high, but on the whole 
the agreement is not bad. 

The results for other salts have all been obtained at 
liquid air temperatures^ and Table XXIII gives the values 
of fe/C. 


TABLE XXIII 

6/C- VALUES FOR DIFFEKEINT CHROMIC AND VANADOUS 

SALTS 


Substance 

h/C 

CrNH4(S04)3 . 12 H.,0 

2.68 • 10 * 

CrK.(C,0.), 

27 • 10« 

[Cr . 6 H,0]Cl3 

0.96- 10* 

[Or . 4 H^O CI 2 ] Cl . 2 H,0 

4.5 • 10» 

[Cr.6NH3](NO,)3 

13 • 10' 

Cr(N0'3)3.9H30 

1.1 • 10' 

K^CrF. 

8 • 10' 

. 8 H 2 O 

bo 

0 


As Van Vleck first pointed out, the orbital degeneracy 
of the lowest level of an ion with 21 electrons in a cubic 
field is completely removed (cf. Fig. 2), so that only the 
fourfold degeneracy due to the resulting spin vector 
{S = i) remains. As may be seen from Table I, this basic 
level does not split in a purely cubic field if the spin- 
orbit coupling is taken into account. But in a field of 
lower symmetry (e.g., of trigonal symmetry®) the fourfold 
level will be split in two doubly degenerate levels with a 

1 L. J. F. Bk;oer, Thesis 1945, Amsterdam. 

2 Macroscopically the alums have cubic symmetry but the element- 
ary cell contains four equivalent Cr-ions each being on a body diagonal. 
The symmetry of their surroundings is predominantly cubic but also 
contains a trigonal term. 
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separation of the order X^aW tJ cuhy where AWtr and 

aWcui denote the order of magnitude of the separation 
which the trigonal field alone or the cubic field alone 
would bring about, while X is the constant of spin-orbit 
interaction (cf. Ch. I, § 4). The magneton number in the 
hydrated chromic salts is very near the spin-only value 
(cf. Table III) which indicates that X/ AW cub is very small. 
The splitting already mentioned of the basic level is there- 
fore very small compared with fcT, except at the temper- 
atures obtainable by adiabatic demagnetisation. Neverthe- 
less, the contribution of the magnetic interaction to b is 
still much smaller. And next to experiments concerning 
adiabatic demagnetisation, a determination of b/C is prob- 
ably the best way to determine the splitting mentioned. 
Accepting 0.65-10® 0 ^ for b/G in the potassium alum, a 
splitting of 0.16 cm-^ is obtained while Casimir, Bijl and 
Du Pro arrive at 0.18 cm-'^. 

The corresponding separations in the other salts may be 
calculated without difficulty; they are proportional to the 
square root of b/C, Increase of AWtr as well as decrease 
of AWcub leads to increase of b/C. Generally, large dif- 
ferences in b/C are to be attributed to differences in AWtr* 
The substances, in which the Cr-ions are doubtlessly sur- 
rounded by six water dipoles, have in fact rather low values 
of b/C, while substances for which the surroundings have 
a very low symmetry (e.g., five ammoniums and one 
chlorine or water; three ammoniums and three water), 
give negative results (comp. Ch. Ill, § 1) which is prob- 
ably due to high 6/C-values. Though in [Cr . 6 NHg] (N 03)3 
a good cubic symmetry probably exists around the magnetic 
ion and though it follows Curie's law well, its b/C is high. 
This may be due to a relatively low value of AWcub, as 
the surrounding NHg-dipoles have smaller moments than 
water-dipoles. 

Guilljen^ has discovered by observation of dielectric con- 

1 R. Guillien, C.B., 209 (1939) 21. 
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stants and of dielectric losses that a series of alums have 
transition points at liquid air temperatures^. In the case 
of chromium potassium alum the transition region lies 
between 77° and 90°K and shows a large thermic hysteresis. 
In view of this, it is peculiar that at both temperatures 
the same ft/C-value is found. 

The large difference between the h/C^s of the potassium 
and the ammonium alum at 77°K is rather astonishing 
as one would expect the crystalline fields to be more or 
less equal in the two compounds. Starr suggests that 
the transition points have something to do with this dif- 
ference but it is not clear how this suggestion should be 
worked out. 

Ferric and manganese sialts. 

Table XXIV summarizes the experimental values of b/C 
for FeNH4(S04)2 . 12 HgO. Apart from the result derived 
by Hebb and Pur<?ell from Kurti and Simon's measure- 
ments at very low temperatures the agreement between 
the various results is satisfactory. Broer's value obtained 
from dispersion measurements is more accurate than the 
previous value obtained by Teuniqsen and Gorter. 

For Fe(N03)3 . 9 HgO h/C is almost a hundred times 
larger than for the alum. It is 19.5*10^02. 

In Mn(NH4)2(S04)2.6H20, Mn.SO4.4H2O and MnCl2 . 
4H2O h/C, being 0.64*10®, 6.2*10® and 19.5*10® respectively, 
also varies considerably. 

It must be mentioned that for the Tutton salt and for 
the hydrated sulphate, Volger- and Starr'' found h/C- 
values lying considerably lower (0.46*10® and 4.2*10® res- 
pectively) . 

The basic level of a free ion with 23 electrons is a 

1 Kraus and Nutting find small changes in the absorption spectra 
between 20° and 85°K which they ascribe also to transitions. 

, 2 j. Volger, Thesis, Leyden, 1946. 

3 C. Starr, Fhys . Bev ,, 60 (1941) 241. 
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TAB1.B XXIV 

ft/C^-VAiLUBS FOR FeOSTH^ (SO 4 ) ^ . 12 H,0 


Authors 

h/C 

T 

Method 

Bukstra, Gorter, and I 

VOLGERl 

0.27- 10* ' 

77; 90 

Absorption 

Tettnissen and Gorterz 

0.25 -lO* 

64; 77; 90 

Dispersion 

Broers 

0.27 -lO* 

77; 90 

Dispersion 

STARR4 

0.26- 10* 

77 

Dispersion 

Bu Pr45 

0.25- 10* 

3.5; 4.2 

Dispersion 

Kurti and Simon® 

0.31- 10* 

0.05-0.20 

Adiab. demagn. 

Casimir, Be Haas, and Be | 
Klerk7 

0.24- 10* 

0.27-1.2 

Adiab. demagn. 


®S5/2 -state and no crystalline field is required to quench 
orbital magnetism. In a first approximation, the basic 
level will not be split by crystalline fields but the higher 
levels, belonging to other multiplets, will, so that in a 
higher approximation the basic level, too, will undergo a 
slight splitting. Its character will be determined by the 
symmetry of the crystalline field, but without detailed 
knowledge of the many higher levels it is difficult to say 
anything as to its magnitude. 

As in all the salts considered, the magnetic ion is sur- 
rounded by six oxygens it is plausible to assume a pre- 
dominantly cubic symmetry. In a cubic field the basic 
level splits into a double level and a fourfold level and, 
taking b^affn into account, it is possible to calculate the 

1 Li. J. Dijkstra, C. J. Qorter and J. Volger, Phy^sica^ 10 
(1943) 337. 

2 P. TeunisiSEN and C. J. Gorter, Physica, 6 (1939) 1113. 

3 L. J. F. Broer, Thesis j Amsterdam, 1945. 

4 C. Starr, Phys. Pev., 60 (1941) 241. 

5 F. K. Dtj Pr4, Ph/ysioa, 7 (1940) 79. 

6 M. H. Hebb and E. M. Purcell, J. ohem. Ph/ysics, 5 (1937) 338. 

7 H. B. G. Casimer, W. j. De Haas and D. de Klerk, Physica, 
6 (1939) 241. 
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separation between the levels. In iron alum the contri- 
bution of the magnetic interaction to &/(7 is relatively high 
(0.10-10® 0 ^). Accepting for the total 6/C the value of 
Dukstra and Broer, the separation turns out to be 
0.13® em-^ It is known from the results on chromic 
alum that in the alum the crystalline field contains also 
a trigonal term but it is plausible that the separation due 
to this term is smaller than the broadening due to the 
magnetic interaction. The remarkable result that ferric 
alums contaminated with aluminium alum give about the 
same 6/C as the pure ferric alum, may be explained along 
this line. For, this contamination will disturb the sym- 
metry of the arrangement around the magnetic ions but 
it will only slightly affect the cubic term due to six water 
dipoles^. Also the heavy alum, which was contaminated 
with a fair amount of hydrogen atoms gave the same 
6/C-value. 

Guillien® has discovered that ferric ammonium alum 
also has a transition point between 77 and 90®K. In view 
of this it is remarkable that here again this does not intro- 
duce a notable change in 6/C. 

In the highly hydrated nitrate a much higher value 
is found for 6/C and the same applies to the hydrated 
manganese sulphate and chloride in comparison with 
the manganese TurroN-salt. This suggests that the separ- 
ation in those salts is mainly due to non-cubic fields. 


Nickel salts. 

The investigations on NiSO^ . 7 HgO and Ni(NH 4 ) 2 (S 04 ) 2 . 
6 HgO had only a provisional character. They led to a 

1 H!ebb and came to the conclusion that the double level 

lies lowest. 

2 On the other hand, the large influence of small contaminations 
observed at very low temperatures by OaiSImir^ De Haas, and De 
Kljsrk is in disagreement with this explanation. 

3 R. OXJELLIEN, C.E., 209 (lOaO) 21. 
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6 /C-value of about 90*10® 0 ^ for the TurroN-salt and a 
higher value for the hydrated sulphate. 

The theory of normally paramagnetic nickel salts has 
been developed by Schlapp and Penney^. It is very similar 
to that of chromium salts. The orbital degeneracy of the 
lowest level is completely removed by a cubic field. Just 
as in chromium salts the spin degeneracy (three-fold this 
time) is not removed by the spin orbit coupling in a purely 
cubic field. But in a field of rhombic symmetry the de- 
generacy is completely removed^. 

Discussion of the results concerning magnetic aniso- 
tropies by Krishnan, Chakravorty, and Banerjee® led to 
the conclusion that two of the three levels lie very near 
to each other. The overall splitting turns out to be about 
5.3 and 3.4 cm-^ in hydrated sulphate and the TurroN-salt 
respectively. Assuming these separations, very good agree- 
ment is obtained with the results concerning anisotropy 
and its dependence on the temperature and with the dif- 
ference of the CuRiE-constant from the spin-only value. 
For the case of the TurroN-salt this separation would 
lead to 6/(7 = 400*10® 0 ^, which is in disagreement with 
the results for the paramagnetic dispersion; evidently the 
last word about this problem has not yet been said. 

Cupric salts. 

At liquid air temperatures b/ C was found to be 
0.16*10® 02 for Cu(NH 4 ) 2 (S 04 ) 2 . 6 ll^O. From recent meas- 
urements at liquid air temperatures on CuK(SP 4 ) 2 . 6 H 2 O 
Broer and Kempeeiman^ derive 6/(7 = 0 . 12 * 10 ® 0 ^, while 
from De Klerk’s® results on the entropy of this salt at 
temperatures between 0.2 and 0.8°K exactly the same 

1 R. Schlapp and W. F. Penney, Phys . Kev ,, 42 (1932) 66-8. 

2 This is possible because the number of electrons is even. 

3 K. S. Krishnan, N. C. Chakravorty, and S. Banerjee, Phil . 
Tra ' ns.y 232 (1933) 991. 

4 L. J. F. Broer and J. H. Ejemperman, Physioa ^ 13 (1947) 

5 D. De Klerk, Physica , 12 (1946) 513. 
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value for 6/(7 can be derived. We have therefore good 
reasons to doubt the validity of Bul’s conclusion that it 
should decrease from 0.13-10® to 0.10*10® between 3.0®K 
and 1.7°K. 

The situation in the case of CUSO 4 . 5 HgO is more 
obscure. Results of a provisional character lead to a value 
for 6/(7 of the order of 10^ 0 ^. 

Aishmead^ has observed maxima in the specific heat of 
CUSO 4 . 5 HgO at about 0.1 and l.O^K while, according to 
Reekie^, the susceptibility of this substance shows large 
deviations from Curie's law at liquid helium temperatures 
which may be described by a value of — 0.7° for 6 in 
Weiss' law (comp. I, § 1). 

Theoretical treatments of the copper salts have been 
presented by Jorbahl® and by Polder^. Jordahl made use 
of erroneous experimental results for magnetic anisotropy 
but Polder's view is in agreement with Krishnan's® ex- 
perimental and theoretical investigations as well as with 
the Leyden measurements of Mrs J. C. Van Den Handel- 
Hupse®. The unit cell in CUSO 4 . 5 HgO contains two clus- 
ters, each consisting of one copper ion surrounded by four 
water dipoles and two oxygens. The clusters have approxim- 
ately tetragonal symmetry but, according to Krtshnan and 
co-workers the angle between the axes of the two clusters 
is about 82°. Polder supposes a similar arrangement of 
cupric ions and their surroundings in CuK(S 04 ) 2 . 6 HgO 
but the angle mentioned has to be about 40°. The splittings 
introduced by the tetragonal term of the crystalline field 
are of the same order as those due to the cubic term. The 
basic level has no orbital degeneracy and the next lowest 
level lies at a distance of about 12000 cm-^. 

1 J. AsHmead, Naximrej 143 (193&) 853. 

2 J. Reekie, Froo. Boy. Soo,, A 173 (1939) 367. 

3 O. M. JOKDAHL, Phys. Bev., 45 (1934) 87. 

4 D. POUDER, Physioa, 9 (1942) 709. 

5 K. S. Krishnan and A. Mookherji, Phys. Bev., 50 (1936) 860 
and 54 (1938) 533 and 841. 

6 J. C. Htjpse, Physioaj 9 (1942) 633. 


8 
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The basic level has, of course, the twofold spin degener- 
acy which, according to Kramers’ theorem cannot be re- 
moved by purely electric fields. But because of the small 
magnetic moment of the Cu++ ions the magnetic inter- 
action is also small. Its evaluation leads to hjC — 
0.025-10® 0 ^ and 0.09*10® respectively, while the experi- 
mental values are at least five times as large. The Kramers 
degeneracy must therefore be removed by some other 
mechanism, possibly an exchange or superexchange coupling 
between the cupric ions. In CUSO 4 . 5 HgO this coupling 
apparently leads already to considerable deviations in an 
anti-ferromagnetic sense of the susceptibility of CUSO 4 . 
5 HgO from Curie’s law at normal helium temperatures. 
And De Klerk’s recent investigations on adiabatic de- 
magnetisation with CuK 2 (S 04 ) 2 . 6 HgO have brought to 
light a much smaller deviation from Curie’s law in a ferro- 
magnetic sense with B = 0.052°K. This value of ^ is even 
in good agreement with the value of 5/0, if both are 
ascribed to exchange coupling according to Opechowsky^. 

Negative Results, 

The many negative results obtained by Teunissen, Broer, 
and Starr indicate that either b/C was too large or p 
was too small. In the first case the relative difference 
(Xo — X^)/Xo is equal to GH^jb, in the second case it is 
equal to p^v^, and when both 0 H^lb and p^v^ are relatively 
small, equal to the product A priori it may 

be expected that the 6 ’s depending on the separations of 
the basic levels are quite large. This is corroborated by 
the deviations from Curie’s law which are often small at 
room temperatures but nevertheless quite certain. These 
cases will give negative results but it may be that at the 
same time p is also small so that both causes may col- 
laborate. 

In the following list a few values of B are given, deter- 

1 W. OPECHiOWSKY, Physica, 4 (1937) 181. 
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mined from deviations from Curie’s law in the substances 
that gave a negative result. It must be mentioned before- 
hand that these values often have a rather arbitrary 
character, as Weiss’ law x(^ — 6)=^C often applies only 
to a restricted region of temperatures, while often only 
the susceptibilities at 290°K and 90°K are known (from 
measurements in the Zeeman-laboratorium by Volger and 
De Vrijer^). 


TABLE XXV 


Substance 

$ 

Substance 6 

GdA 

— 10 

FeCla — 12 

Dy2(SO0=, . 8 H,0 
Ti 0 s(S 04 )o. I 2 H 2 O 
VNH4(iS04)2 . 12 HoO 

— 4 

Mn'S 04 — 28 

MnCla — 3 

MnO — 610 

[Cr . 5 NH 3 . 01]Cb 

— 3 

MnCOa — 130 

[Cr . 3 NH 3 . 3 H, 0 ]Cl 3 

— 13 

M 11 F 3 — 100 

[Cr.SNHa.H.OlCl, 

— 5 

FCSO 4 . 7 HaO --1 

Cr 3 (S 04 ), . 6 llfi 

— 34 

Fe(NH4)2 .( 804 ) 3 . 6 H 3 O — 3 

CrK ( 804)2 

— 2 

C 08 O 4 . 7 HaO — 14 

FeNH4 ( 1804)3 

— 19 

Co(NH4)3(S04)3 . 6 HaO — 21 

K 3 Fe(CN)« 

5.4 

Ni(N 08)3 . 6 H 3 O 

Fe(S04), . 9 H 3 O 

— 40 

0u(Br03)3.6Ha0 — 1.5 

FeOls . 6 HjO 

Fea(Ci04)8 

— 95 

[Ou. 4 NH 3 lSO 4 .HoO ~ 15 


As the strongest fields used were usually 3200 0 and the 
accuracy of the measurements of the order of 3 percent, a 
ft/C-value of 3*10® 0 ^ or higher would account for the 
negative result. When 6 is of the order of 3°K or more 
and if this is not chiefly due to Vax Vleck’s temperature- 
independent paramagnetism (which is very seldom large 
enough) such a high ft/C-value, and thus a negative result, 
is to be expected. It is seen that this applies to most of 

1 J. VOLGER, ThesiSf Leyden, 1946. 
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the salts investigated and also to MnCOg and MnFg in- 
vestigated by Starr in much stronger fields. 

On the other hand, smallness of \ 6 \ by no means 
guarantees a small value of h/C. But it is quite possible 
that in substances that present small ^-values, like 
CrK(SOj 2 , Peso, . 7 H^O and Cu(Br 03)2 . 6 H^O, the 
negative result is due to the smallness of p. This might 
be decided by experiments in very strong fields or — 
even better — at lower temperatures e.g. in the liquid 
hydrogen region. From our general knowledge about the 
energy levels in rare earth salts it is probable that in 
Dy 2 (S 04 ) 3 . 8 HgO, too, the value of h/C is high. 


§ 2, VALUED OF p 


Let us first consider the dependence of the relaxation 
constant p on the constant field He. In Ch. IV we have 
seen that Van Vleck^ expects this dependence to obey 
the relation 


h + CHc^ 
P = P0 5!+ 


48 


where p is independent of the temperature. But the data 
of Ch. Ill lead to the conclusion that, though it is nearly 
always possible to describe the dependence on He by (48), 
p is often not independent of T. The assumption of a p 
independent of T would lead to the conclusion that in 
going to a higher temperature all dispersion curves merely 
shift to higher frequencies by an equal amount (in the 
logarithmic scale for v) and this 'is certainly not always 
true. This may be seen from the experimental curves for 
gadolinium oxalate at 90° and at 195°K (Figure 18 and 
19). The separation between the curves for different con- 
stant fields is certainly smaller at 90°K than at 195°K. 
A similar difference of separation is also found for Cr-alum 
and, much more pronounced, for iron alum between 64°K and 


1 J. H. Van Vlegr, Phys. Rev., 57 (1940) 426. 
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90^K. In Mn(NHj2(S0j2*6H20 and Cu(NHj2(SOj2 . 
6H2O on the contrary, the ratio between the p-values at 
different temperatures is only very slightly dependent on 
the field and p is about 0.5. In a few other cases p seems 
to vary as a; function of the temperature but the variation 
is not very certain. 

For chromium alum Van Vleck expects p to be 0.5 and 
for iron alum he expects p to lie between 0.22 and 0.6. 
It is clear that the experimental data are at variance with 
theory. But it is possible that the discrepancy as well as 
the strong dependence of p on T is related to the transition 
point of the alums at liquid air temperatures. 

The two experimental rules (cf. Ch. Ill, § 2) governing 
the variation of p from sample to sample and from tem- 
perature to temperature, stating that the differences in p 
are smaller than those in po rernmn also quite unexplained. 

For the dependence of p on He at liquid helium temper- 
ature only few data are available. Apart from the case 
of diluted chromium alum they all point to an increase 
of p with He which, only by accepting Temperley^s multiple 
transitions, could be reconciled with the normal supposition 
that the first-order processes determine p at these very low 
temperatures (cf. Ch. IV, § 2). 

Let us now consider the dependence of p on the tem- 
perature. 

For chromium alum p^ , and of course also po, should 
change by a factor 1.8 between the boiling points of 
nitrogen (77^K) and oxygen (90°K) and for other hydr- 
ated salts a factor of about the same magnitude may be 
expected. For most chromic salts the factor is, in fact, 
about 1.8. Only for chromic alum varies by a factor 
of about 3. The variation oi for iron alum is rather 
large (2.3) and of po it is enormous (about 6). The 
variations in ferric nitrate are normal again and so are 
those in the cupric salts. The variation in the manganese 
and gadolinium salts is generally small. In most of the 
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investig'a.ted manganese and gadolinium salts, even at room 
temperature, quite strong dispersion appears at frequencies 
of a few megahertz. The dependence of the relaxation 
constants of gadolinium sulphate octohydrate is quite ab- 
normal. and, to a lesser degree, also that of the oxalate. 
The dependence of p on T is inverse in the sulphate, the 
relaxation constant being larger at 90° than at 77°K. 

In view of the large differences in the dependence of p 
on the temperature at liquid air temperature, it is sur- 
prising that the p^s of various substances (iron alum, 
chromium alum, gadolinium sulphate, cupric Tutton salt) 
have all increased at liquid helium temperatures by a 
factor of the order 10^. This does not however necessarily 
mean that the dependence of p on T is approximately equal 
between the two regions of temperature, as the mechanism 
determining p may be different in the two energy regions, 
viz. a ^^RAMAN^’-process and a first order absorption process. 

At liquid helium temperatures the influence of impurities 
on p seems to be particularly large. From the few data, 
we may conclude that p changes less quickly with T than 
at liquid air temperatures: it is about proportional to a 
power of T between — 1 and — 2. As for first order pro- 
cesses T-^ must be expected, this may indicate that the 
^'Raman’^ processes still play a part at these temperatures. 

The theoretical evaluations of the absolute value of p 
are hardly able to predict the order of magnitude even in 
favourable cases and the lack of agreement between theory 
and data, as regards the dependence of p on He and T, 
suggests that agreement in absolute value is as yet more 
or less accidental. Nevertheless, it must be admitted that 
in Van Vlbck^s calculations concerning chromium alum 
the right order of magnitude was obtained. 

From the experimental point of view it is striking that 
p is more dependent on the nature of the ion — its number 
of electrons, but also its resulting electric charge — than 
on the structure of the individual salt. This even applies 
to the dependence of p on T, The dependence of p on T 
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is therefore relatively small in all Gd+++- and Mn++-salts, 
while this dependence is, for instance, much larger in 
the Pe'+‘++ -salts, though the ferric ion is isoelectronic 
with the Mn++-ion. The p’s in the salts of bivalent V++ 
and Mn are larger than those of the tri valent isoelec- 
tronic ions Cr+++ and Fe+++. 

If now we compare the relaxation constants and the 
6/(7-values of different salts containing the same ion we 
often see that high values of h/C are accompanied by low 
values of p. As an example we mention Mn(NH4)2(S04)2 . 
6H2O, MnS04.4H20 and MnCl2.4H20 with hJC = 
0.75-10% 6.2-10® and 19.5-10" 0^ while at 90°K: p = 5.5, 
3.2 and 0.5 X 10-" sec respectively. From a theoretical 
point of view this is understandable, as a large fe/C-valuc 
indicates a strong coupling between spin and lattice. But 
it may be that crystalline fields of different symmetry 
have quite unequal influences on h/C and p. The h/C- 
value in chromic salts for instance will be proportional 
to the trigonal component of the fields and inversely 
proportional to the square of the cubical component, while 
according to Van Yleck p increases with increasing cubical 
component but is little influenced by the trigonal field. 

It is possible that anomalies such as in the combination 
FeNH4(S0j2.12H20 — Fe(N03)3.9H20, where h/C dif- 
fers by a factor of the order 10^ while p is about the same, 
may be explained in this way. 

According to Van Vleck’s calculations for titanium 
alum it must be expected that also in the cupric salts p 
will decrease with decreasing crystalline fields of low 
symmetry. This may account for the negative result 
in the cubic salt Cu(Br03)2 . 6 HgO, which according to 
Table XXV has a small 9 and therefore possibly a low 
&/ (7- value. 

It has been mentioned several times that the influence 
of impurities is not negligeable. At liquid helium temper- 
atures it appears even to be enormous. Teunissen carried 
out a series of measurements on iron ammonium alum 
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in which part of the iron had been substituted by alumi- 
nium. The decrease of p generally was not so large as 
was expected and at 64'°K the influence on p was even 
very small. It is possible tha.t the larger influence 
higher temperatures is connected with the transition point 
already mentioned so often. It is peculiar that the in- 
fluence of substitution of 93% of the crystal water by 
heavy water which consists of an increase of p was also 
very small at 64°K. 

Broer carried out another series of measurements on 
Mn(NH 4 ) 2 (S 04 ) 2 . 6 HgO, where part of the Mn-ions were 
substituted by Co. The coupling of the spins of the 
Co-ions with the crystalline lattice is doubtlessly much 
stronger than that of the Mn-ions, but the influence of 
a small Co content on p was small and apparently did 
not lead to a short-circuit between spin system and lattice. 
Possibly the spins of the Co-ions do not become part of 
the spin system of the Mn-ions. Very peculiar however 
is the enormous influence of 9% Co on p at liquid air 
temperatures (a factor of about 50), while the influence 
at room temperature is very small. 

Finally, we wish to remind the reader of the negative 
result in aqueous solutions of MnS 04 . If is plausible that 
p has decreased because of the irregular and asymmetrical 
electrical fields around the Mn-ions. 

§ 3. VALUES OF p' 

In Table XXVI the experimental values of po' are compared 
with the values calculated from Broer ’s formulae (83) 
and (88)^. In the derivation of (83) it has been assumed 
that the decrease of x"/v with is exponential (cf. Ch. IV, 
§ 3 (82) ) and that no electric splittings exist. Hi does 
not merely depend on the ionic moment and the gram- 
ionic volume, but also somewhat on the spatial arrange- 

1 J. VoLGER, Thesis, Leyden, 1946. 
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ment of the magnetic ions. We use the value valid for 
a face-centered or body-centered cubic lattice. In (88) 
the same value of Po' has been reduced by a factor re- 
presenting the intensity of the absorption near zero fre- 
quency divided by the total absorption including that part, 
which, by the presence of the electric field, has been shifted 
to relatively high frequencies. This factor depends on the 
character of the electric field but not on its magnitude. 
In the gadolinium-, ferric- and manganous-salts the electric 
field has been supposed to be cubic, in the chromic salts 
it has been supposed to have trigonal symmetry. 

It is seen that the experimental values agree with the 
theoretical values as far as the order of magnitude is 
concerned. But in general the experimental values are 
larger by a factor of about 2 ; in the case of the hydrated 
cupric chloride this factor is even 6 or 7. This indicates 
that the dependence of y" on v differs from Broer’s 
assumption in such a way that the decrease of 
very high frequencies is less rapid than Broer supposes. 
The dependence of x'' on v cannot be a Debije function 
(x" v/(l + pVv") ; cf. Ch. I, § 5) as (79) would then 
diverge, but if one supposes for instance x^ to be pro- 
portional to v/(l + one obtains instead of (83), 



by which all theoretical values of p^theor in Table XXVI 
would by increased by a factor 1.6, thus leading to a better 
agreement with the experimental values. The only inform- 
ation we have as to the dependence of p' on v are a few 
earlier and not very reliable observations on vanadium 
alum and diluted iron and chromium alum, obtained at 
liquid hydrogen temperatures at frequencies of about 
15-10® Hz, and the more recent result that the absorption 
in CuSO^ . 5 HgO at 78-10® Hz is about 82 % of what it 
would be if it were proportional to v^. Now in this case 
p'g^^v = 0.33 which would lead to a factor of 96 % or 94 % 
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if Broer^s dependence of x" on v or the dependence leading 
to (75) are assumed. The order of magnitude seems right 
and it will not be difficult to obtain more experimental 
material bearing on this problem for other cupric salts 
which have high values of p'. In this connection it must 
be noted that the values of ^exp for these salts given in 
the Tables XV and XXVI have been obtained at 78*10® Hz, 
so that measurements at lower frequencies will probably 
lead to even somewhat higher values. 

Comparing different salts of one ion, it is seen that the 
differences in due to the difference in gramionic 

volume are somewhat reflected in the experimental values 
but CuClg . 2 HgO with its small gramionic volume and 
very large absorption is a striking exception. 

It is very remarkable that the salts showing large 
deviations from Curie ^s law (approximate values of d 
obtained in the temperature interval between liquid air 
temperature and room temperature are given in the last 
column), and to which Broer^s theory therefore does not 
apply, show absorption of the same order of magnitude 
as the normal paramagnetic salts. 

As regards the change of p' as a function of a parallel 
field He, it is sometimes difficult to apply the right cor- 
rection for the contribution of lattice relaxation. Broer 
expects that p' will vanish as soon as He becomes of the 
order of Hi but no clear example of this has been found 
experimentally. On the contrary, it is striking that in 
many cases p' is very slightly influenced even by large paral- 
lel fields. In some cases (Cr 2 (S 04 ) 3 . 6 HgO, CrK(S 04 ) 2 ) 
the absorption increases with He while there is no indic- 
ation that this is due to lattice relaxation. In the case 
of Cr 2 (S 04 ) 3 . 6 HgO this leads us to a value of about 3 
for y in a field of 4000 0 . 

It is possible to characterize the decrease of p' as a 
function of a perpendicular field by the field Hd{^) in 
which it has decreased to half its value. The values of 
this field are given in column 5 of Table XXVI. In the 
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two next colu mns the internal magnetic field Hi is given 
as well as b/C which- characterizes the total (electric 
“f magnetic ) splitting of the basic level. According to 
Broer we should expect Haii) Hi to be of the same 
order of magnitude. This is what is actually found, though 
in most hydrated salts Haii) is the larger of the two, 
while in the case of the anhydrous salts and of the cupric 
salts Hd(i) is much smaller than Hi, 

It is very remarkable that the salts showing large 
deviations from Ctjrie^s law have small values of Had)- 
At first sight this is just the contrary of what one would 
expect. In these salts the interactions of the magnetic ion 
with its surroundings is very large and it seems peculiar 
that in these circumstances a very weak external field 
makes any difference at all. An explanation might per- 
haps be found in the following suggestion. Broer^ has 
pointed out that exchange interaction will have no in- 
fluence on p', so that it seems possible that in spite of 
the very large interaction mentioned the magnitude of p' 
and its dependence on an external perpendicular field is 
conditioned by the magnetic interaction. The dependence 
on Hd in these anhydrous salts might then perhaps be 
considered as the normal case while in hydrated salts like 
gadolinium sulphate octohydrate, chromium alum, iron 
alum and manganese ammonium sulphate the absorption 
at very low frequencies in relatively high perpendicular 
fields might be enhanced by the crossing over of levels 
between which magnetic dipole transitions are not for- 
bidden (cf. Ch. IV, § 3, c, c, d). 

§ 4. FINAL REMARKS 

A considerable amount of experimental and theoretical 
work has been carried out and a qualitative understanding 
of the phenomena involved is reached in some respects. 

1 L. J. F. Broer, Thesis, Amst^rdam^ 1945. 
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At several places in this monograph, and especially in this 
chapter, unsolved problems and questions have been pointed 
out and in this paragraph we intend to mention once more 
a few of the chief unsolved problems. 

In general the relaxation phenomena can be described 
satisfactorily by three constants, 5/C, p and p', of which 
p and p' are not really constants but are dependent on 
ajiplied constant magnetic fields and of which p is also 
dependent on the temperature. 

It has not been possible in any definite case to calculate 
the values of those constants from theoretical consider- 
ations and data about the ions and the crystals in which 
they are placed, but in general the values, as far as the 
order of magnitude is concerned, are not in disagreement 
with theoretical expectations. 

The only 5/ C- values which can be calculated from pure 
theory are those in the cupric salts, and these are much 
smaller, than the experimental values. The cause of this 
discrepancy must lie in some neglected interaction — pos- 
sibly of the exchange character — between the cupric ions. 
Its nature has still to be investigated further both experi- 
mentally and theoretically and it has still to be ascertained 
whether the same interaction does or does not exist between 
other ions. 

The magnitude of p in different substances has been 
studied as a function of constant magnetic fields and of T. 
But it will be worth while to extend the interval of tem- 
perature considerably for a number of substances and to 
see whether, when the temperature decreases, the role of 
processes is really taken over by first order 
processes. Especially the dependence on constant parallel 
fields has to be compared for the two kinds of processes. 

As regards the spin relaxation the theory of the de- 
pendence of p' on constant parallel and perpendicular 
fields should be considered more closely. Also the case 
of the anhydrous salts, which show large deviations from 
Cueie’s law should be investigated theoretically. 
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Experimentally it will be worth while to study the w&y 
in which the paramagnetic a.bsorption at higher frequencies 
depends on the frequency. Already at frequencies of the 
order of 10® Hz this will be interesting in copper salts but 
using the microwave technique developed with so much 
success in the war years it will be possible to increase the 
interval of frequencies to 10^® Hz, thus carrying out the 
programme on which Djjkstra^ and Volger^ already em- 
barked previously with insufficient means. 

Since 1936 we tried to extend our investigations also 
to the magnetic moments of atomic nuclei®. Apparently 
observation of the absorption band to be expected at a 
frequency where Qy is the nuclear splitting factor, 

should be relatively easy with our techniques. But our 
experiments with the absorption method in 1936 and the 
dispersion method in 1942 had no success. It was at once 
understood that the reason of this failure was the vei^^ 
long relaxation time p of the nuclear magnetic moments. 
At our suggestion Rabi^ substituted for our technique his 
very remarkable* and effective molecular beam technique 
and he and his co-workers succeeded in measuring gy with 
very good accuracy for a number of nuclei to which the 
molecular beam technique could be applied. After the war 
Bloch® and Purcell® with their co-workers succeeded in- 
dependently in measuring gv in solids with methods rather 
similar to our dispersion technique. As the discussion of 

1 L. J. F. Dijkstra, Thesis, Amaterdam, 1943. 

2 J. VODGER, Thesis, Leyden, 1946. 

3 C. J. Gorter, Physioa, 3 (1936) 995. 

C. J. Gohter, Ned. T. v. Nat., 5 (1938) 97. 

C. J. Gorter, Ned. T. v. Nat., 9 (1942) 1. 

0. J. Gomter and L. J. F. Broer, Physioa, 9 (1942) 591. 

4 I. I. Rabi, j. B. Zacharias and P. Kusch, Phys. Bev., 53 (1939) 
318 and 55 (1939) 526. 

5 F. Bdooh, W. W. Hansen and M. Packard, Phys. Bev., 69 
(1946) 680. 

6 E. M. Pubcell, H. C. Torrey and R. V. Pound, Phys. Bev., 
69 (1936) 37. 
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these investiigations lies outside the scope of the present 
monograph we shall not dwell upon the^rlesults obtained 
for atomic nuclei. We only remark that the difference 
between Bloch’s and PuRcaELL’s investigations and our 
previous attempts appears to lie chiefly in the higher 
temperature which apparently considerably decreases the 
relaxation times and perhaps also in an unfavourable choice 
of our substances (LiCl, KP and aluminium alum). It is 
obvious that the road now lies open for the investigation 
of the paramagnetic relaxation of the atomic nuclei, which 
probably will have many points of contact with the pheno- 
mena described in .this monograph. 


Note added in the proof. 

The very remarkable researches carried out in Russia by 
Zavoisky, Frenkel and others came too late to my notice to be 
included. The same applies to more recent work by Cummerow and 
Hallibay at Pittsburgh. 







